SIMPLICIAL SETS WITH A NOTION OF
SMALLNESS

preliminary notes on a draft of a research program

6abywke

Abstract. — We consider simplicial sets equipped with a notion of
smallness, and observe that this slight “topological” extension of the
“algebraic” simplicial language allows a concise reformulation of a num-
ber of classical notions in topology, e.g. continuity, limit of a map or
a sequence along a filter, various notions of equicontinuity and uniform
convergence of a sequence of functions; completeness and compactness;
in algebraic topology, locally trivial bundles as a direct product after
base-change and geometric realisation as a space of discontinuous paths.

In model theory, we observe that indiscernible sequences in a model
form a simplicial set with a notion of smallness which can be seen as an
analogue of the Stone space of types.

These reformulations are presented as a series of exercises, to em-
phasise their elementary nature and that they indeed can be used as
exercises to make a student familiar with computations in basic simpli-
cial and topological language. (Formally, we consider the category of
simplicial objects in the category of filters in the sense of Bourbaki.)

This work is unfinished and is likely to remain such for a while, hence
we release it as is, in the small hope that our reformulations may provide
interesting examples of computations in basic simplicial and topological
language on material familiar to a student in a first course of topology
or category theory.

These preliminary notes are intended as an invitation to the topic, and are released in the hope of
generating further activity on the subject.

Warning: Unfortunately, the notes are likely to contain misprints and perhaps mistakes. We hope the
elementary nature of the material makes them easy to ignore. The notes are likely to remain in current
state for a while. I will be grateful for corrections of mistakes and inaccuracies and generally help in
proofreading but may not be in a position to make substantial changes. mishap.sdf.org/6a6ywke/

Corrections to be sent to either here or mishap@sdf.org .
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1. Introduction

We consider simplicial sets equipped with an additional neighbourhood
or being small enough structure, which (paraphrasing [Bourbaki, General
Topology, §Introduction| on topological structure) ‘enables us to give
a precise meaning to the phrase “such and such a property holds for
all [simplices sufficiently small] (orig. points sufficiently near a)” : by
definition this means that the set of [simplices| (orig. points) which
have this property is a neighbourhood for the [neighbourhood] (orig.
topological) structure in question.” In presence of a metric, a ‘small’
simplex would mean a simplex being wholly contained in a small ball.

We observe this leads to a notion (category) of spaces allowing a con-
cise reformulation in category-theoretic terms of a number of classical
notions in topology, e.g. continuity, limit of a map or a sequence along
a filter, various notions of equicontinuity and uniform convergence of a
sequence of functions; completeness and compactness; in algebraic topol-
ogy, locally trivial bundles as a direct product after base-change, and
geometric realisation as a space of discontinuous paths.

The notion of smallness on a simplicial set allows to discuss topology
as follows. In a topological or metric space X, a point x is near a point
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y iff the simplex (x,y) € E'x E is small in the simplicial set of Cartesian
powers of X equipped with an appropriate smallness structure..

Formally, we consider the category of simplicial objects in the category
of filters in the sense of Bourbaki, and the intuitive description above is
formalised as follows. In a topological space X, a neighbourhood of a
point 2 consists of all points y such that “the simplex (z,y) is e-small”
for some e a neighbourhood according to the filter on £ x E. Yet more
formally, U 5 x is a neighbourhood iff there is a subset ¢ ¢ E x E big
according to the filter on 1-simplicies E' x E such that y € U whenever
(z,y) €.

For a metric space X, the filters on the Cartesian powers can be de-
scribed explicitly as follows: a subset € ¢ E' x ... x F is big, or a neigh-
bourhood, iff there is € > 0 such that a tuple belongs to € whenever it
consists of points at distance at most € apart.

The structure of the paper is as follows. In §2] we define the category
»®@ and give a number of reformulations. Its purpose is give the reader
a feeling of expressive power of 32. Notably, following the approach of

[Besser],[Grayson],[Drinfeld], we show{())] that the geometric realisation of
a simplicial set can be interpreted as an mapping space of discontinuous
paths. In §3] we discuss the intuition behind the new notion of space.
In § in a verbose manner we argue that the description by [Bourbaki,
Introduction| of the intuition of (basic general) topology transfers to 3P
almost verbatim. In §3.2) we offer several vague speculations about intu-
ition of algebraic topology. In we say that 3® has objects originating
in Ramsey theory and model theory.

In §4 we mostly repeat somewhat more formally and with more
details. There we present our reformulations as a series of exercises, to
emphasise their elementary nature and that they indeed can be used as
exercises to make a student familiar with computations in basic simplicial
and topological language.

We end in §5| by a discussion of Ramsey theory and indiscernibles in
model theory.

2. A sample of definitions and reformulations

2.1. Constructions in general topology. —

(DWe stress, again, the preliminary nature of these notes
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2.1.1. The definition of the category of simplicial sets with a notion of
smallness. — Here we state the key definition of the paper. In this
section we introduce notation as we go; see §4.1.2] for explanation if nec-
essary. Here we just note that |a version of this paper uses type-theory
notation for Hom-sets, which the author finds more readable for nested
formulae: in a category C, the set of all maps from an object X to Y

is denoted by either {X = Y} or Home (X,Y), and the space of maps
from X to Y, usually an object of C, if defined, is denoted by either
{X = Y} or Hom, (X,Y).

The definition of our main category uses the following definition |[Bour-
baki, 1§6.1, Def.I] which is given more formally later in Definition 4.1}
DerFNiTION 1. A filter on a set X is a set § of subsets of X which has the
Jollowing properties :

(Fy) Every subset of X which contains a set of § belongs to .
(Fr) Every finite intersection of sets of & belongs to §.
(Fur) The empty set is not in §.

Subsets in § are called neighbourhoods or §-big. Unlike |[Bourbaki|, we
do not require (Fy1) and allow both X = @ and @& € §; necessarily X € §.
A morphism of filters is a function of underlying sets such that the
preimage of a neighbourhood is necessarily a neighbourhood; we call
such maps of filters continuous.
Let ¢ denote the category of filters.

Definition 2.1.1.1 (Simplicial filters yP). — Let 3P = Func(A°P, ¥)
be the category of functors from A°P, the category opposite to the cate-
gory A of finite linear orders, to the category ¢ of filters. We refer to its
objects as either simplicial filters, simplicial neighbourhoods, or situses,
for lack of a good name.

2.1.2. Neighbourhood structures associated with a metric space. — See[d.2.1]
for a precise definition.

With the set M of points of a metric space associate the simplicial sets
represented by M:

Sets

AP —s Sets, nl—>{n——>M}:M”

AP —> Sets, nl—>{n+1—>M}:M><M"

Sets


http://mishap.sdf.org/6a6ywke/6a6ywke.pdf
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Sets
iff there is € > 0 such that (xy,..,2,) € € whenever dist(x;,z;) < € for all

0 <2< j <n. In this way we associate two simplicial neighbourhood
with a metric space denoted by Mag and Mag[+1], resp. There is an
yP-morphism [-1] : Mag[+1] — Meq projecting each M x M™ to M™.

A yP-morphism f : Lag — Meay is a uniformly continuous map L —
M.

2.1.8. Limits and [+1] ==> id : A°® — A°P. Uniform convergence.—
Let Ngo¢ be the filter of cofinite subsets, and let (n > N’gof) denote the
simplicial object A°® — ¢, nc — NI' . of Cartesian powers of Neo.
A Cauchy sequence (a,)ney in a metric space M is a morphism a :
(n > NZof) —> May, (i1,..,9n) = (as,...,a;,): for each € > 0 the preim-
age of ¢ := {(x,y) : dist(z,y) < €} contains § := {(n,m) : n,m > N}}
for some N large enough, i.e. dist(a,,a,) < € for n,m > N. The se-
quence (ay)nen converges iff the morphism a : (n > N?Of) —> Maq_factors

as a: (n > Ngof) LEN Mag [+1] iy Meg. Moreover, the morphism Ge, :

Call a subset € ¢ M"™ = {n — M} a neighbourhood (of the diagonal)

(n > N?Of) 2%, May [+1] is necessarily of form M — M1, (i, iy, ..., 1,)
(Goos Qi s ooy 7, ) Where ao, is the limit of sequence (ay,)nen-

To see this, first note that the underlying sset of Mag[+1] is a disjoint
union Meg [+1] = Ugenr{a}x Mg of copies of Maq, and that the underlying
sset of (n > N?of) is connected. Hence, to pick a factorisation of the un-
derlying ssets is to pick an a € M. Now, the map (n > N?of) — {a}xMay
is continuous iff for each € > 0 the preimage of ¢ := {(a,x) : dist(a, ) < €}
contains 6 := {(n,m) :n,m > N}, ie. for m> N dist(a,a,,) <e.

A uniformly continuous function f: L — M is a morphism Leg —
M, cf. §. Indeed, for every e > 0 the preimage of € := {(u,v) :
dist(u,v) < €} ¢ M x M contains & := {(z,y) : dist(z,y) <0} ¢ L x L for
some 0 > 0, i.e. dist(f(z), f(y)) < e whenever dist(z,y) < d}.

A uniformly equicontinuous sequence (f; : L —> M )iy of uniformly
continuous functions is a morphism (n = Ngo) x Lag —> My,

NxL" — Mn, (7:,1'17 ,l’n) = (fl(l'l), ,fz(l'n)),
or, equivalently, is a morphism (n > (N(’}Of)diag) X Lag —> Mg,

N x " — Mn, (il, ...,in,xl, ...,ZL‘n) = (fZl ($1)7 7fzn(xn))
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where (n s (Ngof)diag) denotes the simplicial object A°® — ¢ n,
(N? )diag Of Cartesian powers equipped with “the filter of cofinite diag-
onals”, i.e. a subset of N" is a neighbourhood of (N7 ;)i iff it contains
the set {(i,1,..,1) 19> N} for some N > 0.

Indeed, for every € > 0 the preimage of € := {(u,v) : dist(u,v) < €} c
M x M contains & := {(n,z,y) :n > N,dist(z,y) <0} c NxNxLx L, resp.,
d:={(n,n,z,y) :n>N,dist(x,y) <0} c NxNx L x L, for some § >0 and
N >0, i.e. dist(fn.(z), fu(y)) < & whenever n > N and dist(x,y) <J.

A uniformly Cauchy sequence (f; : L — M );en of uniformly continu-
ous functions is a morphism (n > N’g’of) X Lag —> Mg,

N'x L" — .Z\4n7 (i17 ...,Z'n,.l’l, 7ZL'n) = (fil(l’l), afzn(l‘n))

Indeed, for every € > 0 the preimage of € := {(u,v) : dist(u,v) < €} c
M x M contains & := {(n,m,z,y) : n,m > N,dist(z,y) <0} c NxNx LxL
for some § >0 and N > 0, i.e. dist(f,(x), fin(y)) < € whenever n,m > N
and dist(z,y) < d.

The uniformly equicontinuous sequence (f; : L — M );en uniformly
converges to a uniformly continuous function f : L — M iff this mor-
phism “lifts by [-1]”, i.e. fits into a commutative diagram

Lag[+1] x (n = (N2 Yaiag) > Mg [+1]

[—lixid [—IJ/xid

Ly x (n — (N?Of)diag) —(f1.f2,-)> Mo

where the top row morphism is, necessarily, of form

Nnan+1 - Mn+17 (ila "'7in7x07$17"'axn) = (fw(x0)7fi1(x1)7""fin(xn))

To see this, use that (n = (N7 )4iag) is connected and therefore maps
into a connected component of Mag[+1].

2.1.4. Complete metric spaces as a lifting property. — A metric space M
is complete iff every Cauchy sequence converges, i.e. the following lifting
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propert holds:
@ — (n = Ny) « Maq[+1] — My,
or, in another notation 3]
@ —> (n = N .) e {May[+1] —> May : M is a complete metric space}!
) € {Ray[+1] — Rem }!, and therefore

Maq_[+1] —> Meaq € {Raq_[+1] — Raq_}lr implies M is com-
plete,

n
Hence, @ — (n = N

and a little argument shows the converse holds for precompact metric
spaces.

Compactness can also be reformulated as a lifting property, see §4.11]
for this and other examples.

2.2. Elementary constructions in homotopy theory. —

2.2.1. The unit interval. — With the unit interval [0, 1] associate the
simplicial set

A°? —s Sets, ne—> {n< — [0, 1]3}

" preorders

Equip it with a neighbourhood structure using the metric: ¢ c {nS — [0, 1]3}
preoraers

is a neighbourhood iff there is € > 0 such that (¢; < ... <t,) € € whenever
t, <ty +¢e. This neighbourhood structure can be defined entirely in terms

of the simplicial set itself, cf. §4.4] for details: ¢ c {n< — [0, 1]3}

" preorders
is a neighbourhood iff for any 7 > 0 there is T'> 7 > n and a simplex

() A morphism i: A - B in a category has the left lifting property with respect to a
morphism p: X - Y, and p: X — Y also has the right lifting property with respect to
1: A — B, denoted ¢ « p, iff for each f: A - X and g: B — Y such that po f=goi
there exists h: B - X such that hoi= f and poh = g. This notion is used to define
properties of morphisms starting from an explicitly given class of morphisms, often
a list of (counter)examples, and a useful intuition is to think that the property of
left-lifting against a class C' is a kind of negation of the property of being in C, and
that right-lifting is also a kind of negation.

()Denote by P' and P’ the classes (properties) of morphisms having the left,
resp. right, lifting property with respect to all morphisms with property P:

Pl={f«<g:geP}y P ={f«g:feP}

It is convenient to refer to P' and P as the property of left, resp. right, Quillen
negation of property P.
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s = (s1 £..<s7) such that t[i; < .. <4,] = (t;, <..<t;,) € € whenever
T’ > 0, the simplex s is a face of a simplex ¢t = (t; <ty <..< t7v) and
i1 € .. <i, <iyp + 7. Denote this simplicial neighbourhood by [0.1]«.

A path v : [0,1] — M in a metric space M is same as a morphism
[0,1]<« — Meg. An automorphism [0, 1] — [0, 1]« is a non-decreasing
(necessarily uniformly) continuous automorphism [0,1] — [0,1] of the
unit interval.

2.2.2. Simplicies as e-discretised homotopies.— A map f is homotopic
to a map g iff there is a sequence f = fo, f1, ..., fi,-.,fr = g where f;
is as near as we please to fi1, 0<t<t+1<T. In 3 this is readily

—
formalised by saying that the simplex (f,¢g) is a face of simplex f with
consecutive faces as small as we please, i.e. for each neighbourhood ¢ in

—_ -

the set of 1-simplices there is a simplex f = f. in the space of maps from
—

X to Y such that (f,g) = f[0<T] for some ¢ > 0, and 7[t§t+1] €e

for 0<t < T = dim 7; here 7[0 < T] denotes the face of simplex ?
corresponding to A-morphism 0<7T : 2. — T, 0 » 0, 1 » T, and

similarly for 7[15 < t+1]. This formalisation immediately suggests we
should let ¢ vary among neighbourhoods of arbitrary dimension 7" and

- — —
rather require that f = f.,, and f [to<t1<..<tqv] € e whenever t7v<to+n
(where € ¢ X7 and n > 0).

This leads to the following definition.

For a neighbourhood € ¢ M7 and n > 0, a simplex s : My is e/n-fine
iff s[tg < ... <ty] € e whenever 0 <ty < ... <t <tg+n<T’. A simplex s is
Archimedean iff it can be split into finitely many arbitrarily small parts,
i.e. is a face of some ¢/n-fine simplex for every neighbourhood & c X,
and every T,n > 0 For example, a pair of points (x,y) € M x M in
a metric space M is an Archimedean simplex in Meay iff for each ¢ > 0
there is an e-discretised homotopy x = xg, 1, ...,2; = y, dist(x;, x441) < €
for 0 <t <, from x = (x,y)[0] toy = (z,y)[1].

Archimedean simplices of a simplicial filter X : 3@ form a subobject
(subfunctor) Xa,en, as the definition is invariant.

A well-known lemma says that two functions f,g : A — M from
an arbitrary topological space A to a metric space M are homotopic iff
there is a e-discretised homotopy f = fs,..., fn = g such that for any x € A

() This definition applies to any object of ;@ but should likely be modified even for
the metric spaces. For explanation see the footnote in §4.6.1]
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dist(fi(x), frs1(2)) < €, under some assumptions on the metric space M;
it is enough to assume that for every e > 0 there is § > 0 such that every
e-ball contains a contractible d-ball. We reformulate this by saying that
two functions f,g: A — M are homotopic iff (f,g) is an Archimedean
simplex of the mapping space Func(A, M)ag with the sup-metric, or,
equivalently, a 1-simplex of (Func(A, M)a) arch-

2.2.3. Topological spaces as simplicial filters. — See §3.1] for the intu-
ition and for a precise definition.

As with metric spaces, with the set X of points of a topological space
associate the simplicial set

AP —s Sets, ne — {ns—t> X} = X"
Define the filters of neighbourhoods (of the diagonal) as follows. The
filter on X is antidiscrete, as X is the diagonal of itself and thus every
neighbourhood has to contain X. A subset € ¢ X x X is a neighbourhood
iff € contains a set of the form

U{x} x Uy

reX

where U, 3 z is an open neighbourhood of x. The filter on X* n > 2, is
the coarsest filter compatible with all the face maps X™ — X x X. Let
X denote the simplicial neighbourhood obtained in this way.

2.2.4. A forgetful functor to topological spaces. — The embedding of
topological spaces admits an inverse —-1 : 39 —> Top defined similarly
to the definition of the topology associated with a uniform structure
[Bourbaki,I1§1.2,Prop.1,Def.3|, as follows.

The set of points of X1 is the set of points which are e-small for each
neighbourhood € ¢ Xy, i.e. X oints = N e. The topology

ecXp is a neighbourhood
is generated by the subsets that together with each point contain all e-

near points for some € c Xy, i.e. subsets U with the following property:
U, € z is a neighbourhood iff there is a neighbourhood ¢ ¢ X; such that
y € U, whenever y € X,oints and (x,y) €ec or (y,z) €c.

It is easy to check that for a topological space X, (X)r-1 = X, and
that ([0.1]<)-1 = [0, 1] as a topological space.

2.2.5. Locally trivial bundles. — Let X, B, F' be topological spaces. A

map X % Bis locally trivial iff it becomes a direct product after pull back
to the “local base” [-1] : Br[+1] — B, i.e. it fits into the following


http://mishap.sdf.org/tmp/Bourbaki_General_Topology.djvu#page=180
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commutative diagram:

B’[‘[+1] X er -(iso)y BT[+1] XBT X'r E— X'r

T | i

By[+l]] ——— Br

That is, a map X % Bis locally trivial iff there is an yP-isomorphism

Br[+1] x Pr 2% Bo[+1] xp,. X over Br[+1].

Let us verify that this diagram represents the usual definition of local
triviality. To give a morphism of sSets

Br[+1] xpp. X = {0} x X =2 Bo[+1] x = |_|{b} x B x P
beB beB
over Br[+1] is to give for each b € B a morphism f;, : X — B x F; to
check this, use that ssets X and B x Fii are connected. The morphism
of ssets is an isomorphism of ssets iff each f, is an isomorphism of sets,
i.e. a bijection.

Let us now prove that each f, is a homeomorphism with a neighbour-
hood of form U, x F' where b € U, c B is open.

For each (0',y’) € B x I’ pick a neighbourhood Wy .,y c Bx B3 (V,y’)
which is a counterexample to continuity of f; at the unique preimage of
(v/,y") if it is indeed not continuous at that point. The following is a
neighbourhood at the set of 2-simplicies of B[+1] x F:

e={(b, (W, y), W",y")) : (V.)€ BxF, (",y") € Wy ) JuLI{V'}x (Bx F)x(BxF)
b'#b

By continuity its preimage d, = f, "(¢) contains a set of the form
{(b,x',2")e Bx X x X : p(a’) € Uy, 2" €V}

where U, 3 b,V,» 3 ' are open. Hence f(V,/) c W4, 2y for all 2’ such

that p(2’) € U, c B, and, by choice of the neighbourhoods Wy ., the

function f; is continuous over the preimage of U, x F'c B x F'.
A similar argument establishes continuity of f, "

2.3. Geometric realisation as path mapping spaces: the ap-
proach of Besser, Grayson and Drinfeld. — [Grayson, Remark
2.4.1-2] interprets the geometric realisation of a simplex Ay as a space
of non-decreasing maps [0,1] — (N + 1)«.

|IANn|={(s1,.,sn) €eRY :0< sy <. < sy <1} » {5:[0,1]« — (N + 1)<}



12 PRELIMINARY NOTES

OSSl <...<sy < 1 » ([0,81) HO,...,[SN_l,SN) HN—l,[SN,l] |—>N)

with a metric analogous to Levi-Prokhorov or Skorokhod metrics on the
spaces of discontinuous functions used in probability theory; roughly, two
functions are close in such a metric iff one can be obtained from the other
by a small perturbation of both values and arguments; in other words,
a small neighbourhood of the graph of one function contains the other
one.

We use this observation and the construction of geometric realisation
by [Drinfeld] to define, for a simplicial set X, a y®-structure on the inner
Hom in sSets

(R—E

preorders sSets

analogous to the Skorokhod metric. We then argue that the metric space
associated with this 3P-object is the geometric realisation of X, under
some assumptions.

2.3.1. Drinfeld construction of geometric realisation as a space of paths
with Skorokhod metric. — As a warm-up, for the reader familiar with
[Grayson, §2.4] and [Drinfeld], we sketch a construction of a metric on

{ {_ [07 1 ] < } > X }
preorders sSets

analogous to the Skorokhod metric in probability theory.
A finite subset F' c [0,1] and an z € X (mo([0,1] N F')) determines a

morphism of sSets {— — [0,1]< t — X as follows:
preorders

s —— 10,10} — X ()

~ preorders

—

— [nSQ[o,u—mo([o,u\F) ]

t —x

€ X(n<)

where [0,1] — mo([0,1] N~ F') is the obvious map contracting the con-
nected components (we need to make a convention where to send points
of F).

A verification shows that this defines, moreover, a map of sets

Xl= T X(mo([0,1]~ F)) — {{— R 1]<} . X}

d <
Fc[0,1] finite preorders
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Conversely, a map 7 : {— — [0, 1]3} —> X of ssets determines a
preorders

system of points as follows:

r (P X (10,105 {6(0). 000 - 1))

and thereby a point of | X|.
Define the following pseudometric analogous to Levi-Prokhorov or Sko-
rokhod®)] metric (here we allow distance to be 0):

fo |- = 1 — X

preorders
dist(f,g) =inf{e>0: Yn >0V = (t, <...<t,) 3L = (t, <...<t))
(F(T)=g(T) &t -t <e & . & |tn-th] <€)

Let us now compare this construction with [Grayson, Remark 2.4.1-

2] for X = { —— NS} the (N —1)-simplex Ay_;. In this case the

preorders

Yoneda lemma gives us that a map [0,1]c = {—d> [0,1]S} —
preoraders

{- —>N§} is the same as a map [0,1]« — N, which, in turn,
preorders

(®)  This definition is similar to the definition of Skorokhod metric as
phrased by [Kolmogorov, §2, Def.l of ec-equivalence], particularly if we
consider functions taking values in a discrete metric space 0,1,..,N,
p(n,m) = |n —m|: two functions f,g are called e-equivalent iff there exists r and

O=t,<t,<<...<t,=1,

O=tyt,<.. <tp=1,
such  that for &k = 1,....,7 the following inequalities  hold:

e —ti | <5,
sup p(/(9), () <=
0EL )y +0, ty—0]
'€ty _,+0, 1,—0]

The original goal of the definition was to define a distance or convergence for
(distributions of) stochastic processes such that a small distortion of either timings
of events or their values results in a small distance.
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is essentially the same as a sequence 0 < s; < ... <sy_1 <1, i.e. a point of
the geometric realisation

|AN_1| = {(81, ..,SN_l) 1 0< §1<...88Ny-1 £ 1} C RN_I.
We also see that the metric coincides with the metric defined by [Grayson,
Remark 2.4.1-2].
2.83.2. The Skorokhod filter on a Hom-set. — For N > 2n, § ¢ X and
e cY,, a ed-Skorokhod neighbourhood of Hom-set {XaS sset Yo Sset}

of the underlying simplicial sets of X and Y is the subset consisting of
all the function f: X4 sset —> Yas sset With the following property:

there is a neighbourhood &g ¢ X,, such that each “dyp-small” x € J
has a “d-small” “continuation” x’ € Xy, x = 2/[1..N] such that its
“tail” maps into something “e-small”, i.e. f(2'[N -n+1..N]) ee.
As a formula, this is

{f: X —Y :30c X, VredyIr' ed(x=a'[1..n] & f(x'[N-n+l,..,N])ee)}

The Skorokhod filter on {Xas sset Y.s sSet} is the filter generated

by all the Skorokhod ed-neighbourhoods for N > 2n > 0 (sic!), neighbour-
hoods 6 ¢ Xy and e c Y,,.

sSets

Let {X ? Y} denote {Xas sSet Yas sSet} equipped with the Sko-

rokhod neighbourhood structure. This allows to define mapping spaces
in 3 by equipping the inner Hom of ssets with the Skorokhod filters.

Definition 2.3.2.1 (Mapping space). — The Skorokhod mapping space

{X sS:fS: Y} is the inner Hom {Xas sSet == Yis sSet} of the underly-
A sSets

ing simplicial sets of X and Y equipped with the neighbourhood struc-

ture as follows. Equip {— n< ¢ with the antidiscrete filter, equip

preorders

X x {— s ng} with the product filter, and, finally, equip the set

preorders

N< Yis sset ¢ With the re-
preorders ) sSets

sulting Skorokhod neighbourhood structure.

of (n—1)-simplicies {Xas <Set X {—
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The mapping space {X = Y} is the subspace of the Skorokhod map-
i
ping space consisting of “continuous functions”, i.e. the simplicies “over”

0-simplicies in {X e Y}. That is, it is formed by the simplicies s €
P

{Xas ot => Yis sSet} such that all its 0-dim faces s[t] : X — Y, 0<t <

dim s, are 3P-morphisms.

2.3.83. The geometric realisation of a simplex and its Skorokhod space of
paths. — We now rephrase [Grayson, Remark 2.4.1-2] in terms of 3. Let

sSets
with the filter of diagonals, i.e. the filter on (Ay)g is antidiscrete and

for n. > 0 the filter on (Ay), is the coarsest filter such that the diagonal
degeneracy map (Ay)o — (Ay), is continuous.

Let us now follow [Grayson, Remark 2.4.1-2] and see that the Haus-
dorffisation of the topological space corresponding to the Skorokhod
space of maps from [0,1]c to (An)diag 1S the geometric realisation of

ANI

(AN)diag denote the standard simplex Ay = {— —— N+ 13} equipped

sSets

|An| = ({[0, e => (AN)diag} )
g T-!/ Hausdorff

Let us explicitly describe the underlying simplicial set. By Yoneda Lemma

{[07 1]S @) AN} = {[07 1]S ? (N+ 1)3}
For M >0 and n > 0, a map 7 1 [0,1]< x Apy — A of sSets is neces-
sarily of form

(< o <ty g = M) — (foy(t1), fo2)(t2), -+, fomy (tn))

where f;:[0,1]c — (N + 1), 1<i< M.

Let us now verify the following. The Skorokhod filter on O-simplicies
is antidiscrete. A subset U of the set of 1-simplicies is a Skorokhod
neighbourhood iff a 1-simplex 7 = (f,9) € U whenever dist(f,g) < &
where Skorokhod distance dist(f,g) is defined in §2.3.1]

Let us check this. In dimension 0, in the definition of the d-Skorokhod
neighbourhood necessarily each 0-simplex of [0, 1], resp. Ay, is §-small,
resp. e-small, hence each function is 9-Skorokhod-small. In dimension 1,
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we may assume that e is as small as possible, i.e. the diagonal, and that
O0={(to <ty <ty <t3):t3<to+8} and dg = {(to < t1) : t1 < to+0g} for some
d>0and 6y > 0. “Each x € §y” means we take arbitrary to < t; < tg+ 0.
Choosing an 8-small “continuation” x’ of  amounts to choosing (s < t3)
such that tg <t <ty <t3 <ty+0, and that its “tail” maps into something
e-small means that f(t2) = g(t3).

3. A convenient category for topology

3.1. The intuition of general topology. — Here we argue that the

category 3 of simplicial filters (see and §4.1] for a definition) is
one of the “ structures which give a mathematical content to the intuitive
notions of limit, continuity and neigh- bourhood’ and that the intuition
of general topology as described by |[Bourbaki| applies to 3® almost ver-

batim.
We do so by paraphrasing the Introduction of [Bourbaki|, which we
quote in full for reader’s convenience.

In order to bring out what is essential in the ideas of limit, continuity
and neighbourhood, we shall begin by analysing the notion of reighbourkood
(although historically it appeared later than the other two). If we start
from the physical concept of approximation, it is natural to say that a
subset A ofaset E isa neighbourhood of an element 4 of A if, whenever
we replace ¢ by an element that “approximates” g, this new ele-
ment will also belong to A, provided of course that the ‘“error” involved

is small enough; or, in other words, if all the points of E which are “suf-
ficiently near’” a belong to A. This definition is meaningful whenever
precision can be given to the concept of sufficiently small error or of an
element sufficiently near another. In this direction, the first idea was
to suppose that the ‘“distance’ between two elements can be measured
by a (positive) real number. Once the ‘distance” between any two
elements of a set has been defined, it is clear how the “neighbourhoods”
of an element a should be defined : a subset will be a neighbourhood of «
if it contains all elements whose distance from a is less than some preas-
signed strictly positive number. Of course, we cannot expect to develop
an interesting theory from this definition unless we impose certain conditions
or axioms on the ‘“distance” (for example, the inequalities relating the
distances hetween the three vertices of a triangle which hold in Euclidean
geometry should continue to hold for our generalized distance). In
this way we arrive at a vast generalization of Euclidean geometry. Itis
convenient to continue to use the language of geometry : thus the elements
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the set itself is called a space. We shall study such spaces in Chapter IX.

So far we have not succeeded in freeing ourselves from the real numbers.
Nevertheless, the spaces so defined have a great many properties which
can be stated without reference to the ‘“distance’ which gave rise to them.
For example, every subset which contains a neighbourhood of a is again
a neighbourhood of &, and the intersection of two neighbourhoods
of @ is a neighbourhood of a. These properties and others have a
multitude of consequences which can be deduced without any further
recourse to the ‘“distance” which originally enabled us to define neigh-
bourhoods. We obtain statements in which there is no mention of
magnitude or distance.

We are thus led at last to the general concept of a topological space,
which does not depend on any preliminary theory of the real numbers.
We shall say that a set E carries a fopological structure whenever we have
associated with each element of E, by some means or other, a family
of subsets of E which are called neighbourhoods of this element — provided
of course that these neighbourhoods satisfy certain conditions (the axioms
of topological structures). Evidently the choice of axioms to be imposed
is to some extent arbitrary, and historically has been the subject of a
great deal of experiment (see the Historical Note to Chapter I). The
system of axioms finally arrived at is broad enough for the present needs

of mathematics, without falling into excessive and pointless generality.
As we have already said, a topological structure on a set enables-one

to give an exact meaning to the phrase “whenever x is sufficiently
near a, x has the property P{x{”. But, apart from the situation
in which a ‘“distance” has been defined, it is not clear what meaning
ought to be given to the phrase ‘“every pair of points x, » which are suffi-
ciently near each other has the property Pix, y{”, since a priori
we have no means of comparing the neighbourhoods of two different
points. Now the notion of a pair of points near to each other arises fre-
quently in classical analysis (for example, in propositions which involve
uniform continuity). It is therefore important that we should be able
to give a precise meaning to this notion in full generality, and we are
thus led to define structures which are richer than topological structures,
namely uniform structures. They are the subject of Chapter II.

With help of 3@ “precision can be given to the concept of sufficiently
small error”. In this direction, our idea was to suppose an “error” is but
a pair (a,a’) € Ex E of elements of E and to be thought of as a 1-simplex
of a simplicial set, and that to give a precise meaning to the concept of
sufficiently small error it is enough to associate with E, by some means
or other, for each finite Cartesian power of E, a family of subsets of
“n-simplicies” E x ... x E which are called neighbourhoods — provided
of course that these neighbourhoods satisfy certain conditions (namely,
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form an object F, : 3®, i.e. a contravariant functor from the category of
finite linear orders to the category of filters.)

Following up “the first idea” [Bourbaki, let us first suppose that a set
E carries a notion of “distance” between two elements which can be mea-
sured by a (positive) real number. Once the “distance” between any two
elements of a set has been defined, it is clear how the “neighbourhoods”
on F x E in 32 should be defined: a subset of E x E will be a neigh-
bourhood if for every element a it contains all pairs (a,a’) of elements
whose distance dist(a, a’) is less than some preas- signed strictly positive
number. Of course, we cannot expect to develop an interesting theory
from this definition unless we impose certain conditions or axioms on the
“distance” (for example, the inequalities relating the distances between
the three vertices of a triangle which hold in Euclidean geometry should
continue to hold for our generalized distance).

In this way we arrive at a generalization of topology. It is convenient
to continue to use the language of topology: thus the O-simplicies on
which a “distance” has been defined are called points, and an object of
the category 3@ itself is called a space.

Nevertheless, the y®-spaces so defined have a great many properties
which can be stated without reference to the “distance” which gave rise
to them. For example, every subset which contains a neighbourhood
is again a neighbourhood, and the intersection of two neighbourhoods
is a neighbourhood, and, more generally, the neighbourhoods form a
functor A°® — ¢. These properties and others have a multitude of
consequences which can be deduced without any further recourse to the
“distance” which originally enabled us to define neigh- bourhoods. We
obtain statements in which there is no mention of magnitude or distance.

We are thus led at last to the general concept of a yP-space, which does
not depend on any preliminary theory of the real numbers or topology.
We shall say that a set E carries a 3®P-structure whenever we have asso-
ciated with each finite Cartesian power of E, by some means or other, a
family of subsets of Ex..x E which are called neighbourhoods — provided
of course that these neighbourhoods satisfy certain conditions (namely,
form a simplicial object A — ¢ in the category of filters; see §3.1.2]
for an explanation how to reformulate the axioms of topology in terms
of neighbourhoods as being a simplicial object). Of course, there are
yP-spaces which are not associated to a set in this way.
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The goal of this paper is to suggest to the reader that it may be
worthwhile to view 3P as a replacement of the axioms of topology and
to consider the question whether the system of axioms represented by 3P
is broad enough for the present needs of topology/mathematics, without
falling into excessive and pointless generality.

As [Bourbaki] have said, a topological structure on a set enables one
to give an exact meaning to the phrase “whenever x is sufficiently near
a, x has the property P{x}”. But, apart from the situation in which a
“distance” has been defined, it is not clear what meaning ought to be
given to the phrase “every pair of points z,y which are suffi- ciently near
each other has the property P{x,y}”, since a priori we have no means of
comparing the neighbourhoods of two different points. Now the notion of
a pair of points near to each other arises fre- quently in classical analysis
(for example, in propositions which involve uniform continuity). It is
therefore important that we should be able to give a precise meaning to
this notion in full generality, and we are thus led to define yP-structures
which are richer than ones associated with topological structures, and
in fact are associated with uniform structures which are the subject of
Chapter II of |[Bourbaki.

We do this as follows; we speculate that the fact that this is possible
is an indication that the notion of an yP-space is more flexible than the
usual notion of a topological space.

Whenever a “distance” has been defined, to give a precise meaning to
the notion of a pair of points near to each other, we associate with it
an 3P-object such that its filter of 1-simplicies is defined as follows: a
subset of F x E will be a neighbourhood if it contains all the pairs (a,a’)
of elements whose distance dist(a,a’) is less than some preas- signed
strictly positive number (note that in the previous construction of the y&-
structure corresponding to a topology, this number was allowed to depend
on a, and this is why we had no means to compare the neighbourhoods
of two different points). More generally, a subset of E x ... x E will be
a neighbourhood if it contains all the tuples (ay, ..., a,) of elements such
that the distance dist(a;, a;) for all 1 <7< j <n is less than some preas-
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signed strictly positive number.

Once topological structures have been defined, it is easy to make
precise the idea of continuity. Intuitively, a function is continuous at
a point if its value varies as little as we please whenever the argument
remains sufficiently near the point in question. Thus continuity will
have an exact meaning whenever the space of arguments and the space
of values of the function are topological spaces. The precise definition is
given in Chapter I, § 2.

Paraphrasing slightly these intuitive words of [Bourbaki,p.19], we say
that intuitively, a function is continuous at a point if its value remains
the same up to an error as small as we please whenever the argument
remains the same up to a sufficiently small error. The precise meaning
of this phrase in terms of 39 is straightforward: a map f: X, — Y, in

@ is continuous iff for every n > 0, for every neighbourhood ¢ c Y,, there

is a neighbourhood & ¢ X,, such that f(d) c ¢; equivalently, f ' (¢) is a
neighbourhood in X,,.

Note that when we consider the yP-structures defined above and take
n = 2, we recover the standard definitions of continuity and uniform
continuity |[Bourbaki, 1§2.1,11§2.1]. The similarity to the exposition of
the definition of uniform continuity is particularly startling:
DEFINITION 1. A mapping f of a uniform space X into a uniform space X'

is said to be uniformly continuous if, for each entourage V' of X', there is an
entourage V of X such that the relation (x,y) e V implies (f (x), f(»)) eV

In more expressive terms we may say that f is uniformly continuous
if f(x) and f(y) are as close to each other as we please whenever x
and y are close enough.

If we put g =f X f, then Definition 1 means that whenever V' is an
entourage of X', 2 (V') is an entourage of X.

3.1.1. The notion of limit via an endofunctor “shifting” dimension. —
We now show how to rewrite the definition of a limit of a function as
a Quillen lifting property involving an endofunctor of [+1] : 3 — 3P
“shifting” dimension.

Thus here we show that the notion of the “shift endofunctor [+1] :
A°P —s A°P is related to that of a limit, and later we show that it appears

also in other contexts in topology involving local properties, namely the
definition of a locally trivial bundle, cf. §2.2.5 and §4.8|
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As with continuity, the idea of a limit involves two sets, each endowed
with suitable structures, and a mapping of one set into the other. For
example, the limit of a sequence of real numbers a, involves the set
N of natural numbers, the set R of real numbers, and a mapping of the
former set into the latter. A real number a is then said to be a limit of
the sequence if, whatever neighbourhood V of a we take, this neigh-
bourhood contains all the a, except for a finite number of values of r;
that is, if the set of natural numbers n for which 4, belongs to V is
a subset of N whose complement is finite. Note that R is assumed to
carry a topological structure, since we are speaking of neigbourhoods;
as to the set N, we have made a certain family of subsets play a particular
part, namely those subsets whose complement is finite. This is a general
fact: whenever we speak of limit, we are considering a mapping f of a
set E into a topological space F, and we say that f has a point a of F
as a limit if the set of elements x of E whose image f (x) belongs to
a neighbourhood V of a [this set is just the “inverse image” fl(V)]
belongs, whatever the neighbourhood V, to a certain family § of subsets
of E, given beforechand. For the notion of limit to have the essential
properties ordinarily attributed to it, the family § must satisfy certain
axioms, which are stated in Chapter I, § 6. Such a family § of subsets
of E iscalled a filtron E. The notion of a filter, which is thus inseparable
from that of a limit, appears also in other contexts in topology; for example,
the neighbourhoods of a point in a topological space form a filter.

Whenever we speak of limit, we are considering a mapping f of a set
E into a topological space F, and we say that f has a point a of F
as a limit if the set of elements x of E whose image f(x) belongs to
a neighbourhood V' of a [this set is just the ”inverse image” f~1(V)]
belongs, whatever the neighbourhood V', to a certain family § of subsets
of F, given beforehand.

In terms of 32, this is expressed as follows: the mapping f, : £ —
FxF, v+ (a, f(x)) is continuous with respect to the filter on E defined
by the family §, and the filter of neighbourhoods on F' x F' associated
with the topology on F'. However this is a mapping from 0-simplices to
1-simplices, and thus “shifts” dimension: this is not a problem, as the
category A°P of finite linear orders admits an endofunctor [+1] : A% —
A°P equipped with a natural transformation [+1] = id, and therefore
@ admits an endofunctor [+1] : 3 — 3# shifting dimension equipped
with a natural transformation [+1] = id.

Considerations above lead to the following reformulation of the notion
of a limit in terms of 3:



22 PRELIMINARY NOTES

— To give a mapping of sets f: E — F'is to give a map of simplicial
sets

7. {— . E} . {— . F} (1, 0) > (F(21)s s F(20))

Sets Sets

— The mapping f has a point a of F' as a limit zﬁf? factors as

{—QE}E{—QF}o[H] e{—ﬁF}
Fot (@1, eesn) 7 (a, f(21), s f(20))

via a map continuous with respect to appropriate filters.

On {— — F} these are the filters associated with the topology on F.

Sets

Sets
that the filter on O-simplicies is § and the degeneration map from the

set of O-simplicies to the set of n-simplicies is continuous for each n > 0;

On {— — E} these are the §-diagonal filters, i.e. the finest filters such

explicitly, a subset of £™ = {n — F } is a neighbourhood iff it contains

Sets
{(z,z,..,x) : x € e} for some ¢ € .

Let us check this is indeed a reformulation. As simplicial sets, the
source of the morphism is connected whereas the target is not and its
connected components are parametrised by a € F'. Hence, to pick such
a decomposition is to pick an a € F'. Above we saw that the morphism

(ﬁ))o : E — F x F of 0-simplicies is continuous iff f has a point a of F

as a limit. A slight extension of this argument shows this holds for f;
itself. See details at §2.1.3] and §4.9

3.1.2. Axioms of topology as being simplicial. — A topology is a collec-
tion of (filters of) neighbourhoods of points compatible in some sense.
We now show that it is “compatible” in the sense that it is “functorial”,
i.e. defines a functor from A°P to the category of filters.

This is almost explicit in the axioms (Vi)-(Viv) of [Bourbaki,I§1.2] of
topology in terms of neighbourhoods if we rewrite them in terms of 3.
We now quote:

(Vi) Every subset of X which contains a set belonging to B(x) itself belongs
to B(x). .

(Vi) Every finite intersection of sets of B(x) belongs to B(x).

(Vi) The element x is in every set of B(x).
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(Viy) If 'V belongs to B(x), then there is a set W belonging to B(x) such
that, for each ye W, V belongs to B(y).

By Proposition 1, we may take W to be any open set which contains x
and is contained in V.

PrOPOSITION 2. If to each element x of a set X there corresponds a set B(x)
of subsets of X such that the properties (Vy), (Vi), (Vin) and (Viy) are
satisfied, then there is a unique topological structure on X such that, for each x e X,
B(x) is the set of neighbourhoods of x in this topology.

°

Figure 1.
Call a subset of X x X a neighbourhood iff it is of the form

{2} x U, where U, € B(x)

reX

Axiom (Vi) says that a subset containing a neighbourhood is itself a
neighbourhood. Axiom (Vy) says that the neighbourhoods are closed
under finite intersection. Hence, the first two axioms say that the neigh-
bourhoods so defined form a filter on E x E.

Axiom (Vi) states the continuity of the diagonal map £ — FE x
E, x — (x,z) from the set E equipped with the antidiscrete filter
(i.e. the filter where F itself is the unique neighbourhood).

Axiom (Vy) needs a little argument, as follows.

Equip E x E x E with the coarsest filter such that the following coor-

dinate projections £ x FN x ' — F x E are continuous:
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Axiom (Vyy) says that the remaining coordinate projection (x,y, z) —
(z,z) is continuous. To see this, consider the preimage of a neigh-
bourhood containing {z} x V. By continuity, there are neighbourhoods
U {2’} x W, and Lg({y} x V,, such that

Ye

r'eX

(o} < Wax X (VX x (U Ly} x V) e {a) x X <V

yeX

Now take W = W, and see that V,, c V' for each y ¢ W,.
Finally, note that the considerations above amount to the following

ProposiTiON 2. If to each element x of a set X there corresponds a set B(x)
of subsets of X such that the properties (Vy), (Vu), (Vi) and (Vyy) are

satisfied, then there is a “unique 2-dimensional yP-structure on X7 such that
the set of neighbourhoods in X x X is

{U{x}xUm : Uwe%(x)}.

reX
By this we mean the following: there is a unique object of 3 such that

— (“yP-structure on X”) its underlying simplicial set is {— — X }

Sets

— (Vi) the set Xy = X of 0-simplicies carries antidiscrete topology
— ((V1)&(Vr)) the filter on the set X; = X x X of 1-simplicies is

{U{x}xUm : Uze%(x)}

zreX

— ((Viv)) X, is 2-dimensional, i.e. the filter on X,,; = X" is the
coarsest filter such that the face maps

Xn+1:Xn_>X1:X><X7 (xla"'ymn)H(xiy':&ﬁl)? O<i<n

are continuous.

A similar reformulation can be given to the axioms of uniform structure

[Bourbaki,11§1.1,Def. 1], cf. Exercise [4.2.1.5

3.1.3. A flexible notion of space. — The discussion above suggests this
notion of space is somewhat more flexible than the usual notion of a
topological space. Filters, uniform structures and topological spaces are
yP-spaces. and a limit of a function is an yP-morphism.
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This allows to talk in category-theoretic terms about equicontinuous
sequences of functions and their limits, by considering

e
Sets Sets Sets

{——>N}x{——>X}o[+1]—>{——>Y}o[+1]

Sets Sets Sets

where the simplicial sets are equipped with various filters representing
the topology or metric on X and Y, and the filter of cofinite subsets of
N. See §2.1.3| and §4.11.3| for a discussion.

We saw how the endofunctor [+1] : 3@ — 3® is used to talk about
limits, a local notion. In a similar way it can be used to talk about families
of functions defined locally. Let X, and Y, be 3P-objects corresponding
to topological spaces X and Y. To give an yP-morphism X,o[+1] — Y,
is to give a family of functions f, : X — Y, x € X such that f, is
continuous in a neighbourhood of z (under some assumptions on X and
Y). The definition of local triviality is formulated in terms of 3P as

follows: a X 5 Bis a locally trivial bundle with fibre F'iff in 3 there

is an isomorphism B, o [+1] xg, X, AGON B, o [+1] x F, over B, o [+1],

cf. §2.2.5 and §4.§] for explanation.

3.2. Algebraic topology. — Here we offer a couple of vague specula-
tions about a possible intuition in 3® originating in homotopy theory.

3.2.1. Simplicies as e-discretised homotopies. — In a metric space, for
e > 0 small enough, we may think of a sequence x, .., zp, dist{z;, x441) <
e,t =0,..,T -1 as an e-discretised homotopy from xg to xp, and the
indices t,T as time. In terms of 3®, this sequence 7 = (o, ..., rr) is an
T-simplex the yP-object M, corresponding to the metric space, and the
condition dist(zy, z41) < €,t=0,..,T—1 says that the “consecutive” faces
Z[t <t+1] € e where € := {(x,y) : dist(z,y) < €} is the neighbourhood
associated with distance e. This consideration suggests a generalisation
of this intuition to an arbitrary object X : 3¢ : for a small enough
neighbourhood ¢ ¢ X, for 7 < t/ << T, think of a simplex s € X7 as
e-discretised homotopy provided its “consecutive” faces s[tg<...<t.] €e
whenever ¢, <ty +t’. Note that the essential asymmetry (direction of
time) of this notion, or rather intuition, of homotopy, which is apparently
a desirable property in the context of co-categories.
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A well-known lemma says that two functions f,g : A — M from
an arbitrary topological space A to a (sufficiently nice) metric space
M are homotopic iff for each € > 0 there is a e-discretised homotopy
f = fo,.-, fr = g such that for any = € A sup,dist(fi(x), frs1(x)) < €.
This allows us to think of homotopies of functions as simplicies in a
certain function space with sup-metric.

3.2.2. Inner Hom and mapping spaces. — Think of the inner hom of
the underlying simplicial sets of objects of 3® as a space of discontin-
uous functions. Such spaces of discontinuous functions are considered
in probability theory as spaces of functions describing stochastic pro-
cess, and there are standard metrics called Levi, Levi-Prokhorov, and
Skorokhod metric on such spaces [Kolmogorov]. We need the following
non-symmetric variant of Skorokhod metric defined on functions between
metric spaces:

dist(f, g) :==1inf {e > 0: VaIy(dist(z,y) < € & dist(f(x), g(y)) < €}

This definition generalises to 3 as follows (see §2.3.2] details): For N >
2n, 0 ¢ Xy and € c Y, a €§-Skorokhod neighbourhood in the Hom-set

{X — Y} is the subset consisting of all the function f: X — Y with
the following property:

there is a neighbourhood &g ¢ X,, such that each “dyp-small” x € J
has a “d-small” “continuation” x’ € Xy, x = 2/[1..N] such that its
“tail” maps into something “e-small”, i.e. f(z'[N -n+1..N]) ee.

This defines the Skorokhod filter on the Hom-set {X — Y} and thereby

Skorokhod neighbourhood structure on the inner Hom {X — Y} of the

sSets
underlying simplicial sets of X and Y, and in fact a functor

{_:>—}:ﬂ’°px7_q)—>zq°
3P

which we call Skorokhod mapping space. The “usual” mapping space
of continuous functions may be defined by taking the subspace of the
Skorokhod mapping space consisting of simplicies whose 0-dimensional
faces are yP-morphisms.



SIMPLICIAL SETS WITH A NOTION OF SMALLNESS 27

The Skorokhod mapping spaces have the desirable property (cf. §2.3.2)
and §4.6.2)) that there is an evaluation map

{A?{X?Y}}_’{Axx?y}

and in fact there is a sort of left adjoint functor

{A x X = Y} —>(iso) {A = {X EEN Y}}
P P P

which admits a map Ax X — A x X.

In and §2.3.3) we show a construction of [Besser], [Grayson, Re-
mark 2.4.1-2], and [Drinfeld] can be interpreted in 39 as saying that the
geometric realisation may be thought as the Skorokhod space of discon-
tinuous paths, and thus an endofunctor of 3.

3.3. Ramsey theory and model theory. — Ramsey theory sug-
gests 3P-spaces which do not come from topology. Given an sset X
and a colouring ¢ of simplices, call a simplex c-homogeneous iff all of its
non-degenerate faces have the same c-colour. A collection of colourings
allows one to define a notion of neighbourhood: a neighbourhood (of
the diagonal) is a subset containing all the simplices homogeneous with
respect to finitely many colours. This construction allows to generalise
the notion of the Stone space of types in model theory if we consider for-

mulae as colourings on the sset n< —> {n o M } of tuples of elements
ets

of a model M : the neighbourhoods in the 3®-Stone space consists of
sequences (with repetitions) indiscernible with respect to finitely many

formulae. See §5.1} for details.

4. Definitions and constructions

4.1. The main category: the definition. — We now state formally
the definition of the key categories of the paper.

4.1.1. The two categories of filters (sets with a notion of smallness.)—
First we quote the definition of a filter by [Bourbaki, 1§6.1, Def.1], again.
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DermviTION 1. A filter on a set X is a set § of subsets of X which has the
Jollowing properties :

(Fy) Every subset of X which contains a set of § belongs to .

(Fu) Every finite intersection of sets of & belongs to .

(Frar) The empty set is not in §.

Axiom (F,;) is equivalent to the conjunction of the following two axioms :

(Fy o) The intersection of two sets of § belongs to .

(Firs) X belongs to §.

Axioms (Fy,) and (Fy,) show that there is no filter on the empty set.

In order for a set of subsets which satisfies (F;) also to satisfy (Fy;,)

it is necessary and sufficient that it is nof empfy. A set of subsets which satis-

fies (F;) also satisfies (Fy;) if and only if it is different from $B(X).
Subsets in § are called neighbourhoods or §-big. Unlike [Bourbaki|, we
do not require (Fyy1) and allow both X = @ and & € §; necessarily X € §..

Definition 4.1.1.1. — A filter on a set X is a collection of subsets of
X called neighbourhoods satisfying (F;) and (Fyp) above.

A morphism of filters is a function of the underlying sets such that
the preimage of a neighbourhood is necessarily a neighbourhood; we call
such maps of filters continuous.

Let ® denote the category of filters. Let € denote the category of
filters where we identify the maps equal almost everywhere: Ob® = Ob ¢

and {X?Y} = {X?Y}/ ~ve where [ ne g iff {x: f(z) = g(x) is a
neighbourhood in X.

We sometimes refer to ¢ as the category of neighbourhoods.

The category P of filters is equivalen to the category of topological
spaces with a base-point and morphisms being functions continuous at
the base-point (not in a neighbourhood of the base-point), and—mnot a
natural requirement—no point other than the base-point goes into the
base-point.

(6)The equivalence is given by adjoining/removing the base-point: a filter ' on a set
X corresponds to the topological space with points X U {zq} where a subset is open
iff it is of form {xo}u U, U € F is an F-neighbourhood; a topological space X with
a base-point xg corresponds to the filter on X \ {xg} induced by the neighbourhood
filter of zy. The requirement “no point other than the base-point goes into the base-
point” means the map of sets X \ {zg} — Y \ {yo} is well-defined, and continuity at
the base-point means precisely that it is a morphism of filters.
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Example 4.1.1.2 (Filters). — — In a topological space, (not nec-
essary open) neighbourhoods of a point form a filter.

— The filter consisting of subsets containing a given subset. For a set
X, the filter of diagonals consists of subsets of X x..x X containing
{(x,....,z) :x e X}.

— Given a measure i on a set X, subsets of full measure form a filter;
so do subsets of positive measure.

— An ultrafilter on a set X is a filter such that either A or X \ A is a
neighbourhood, i.e. is either open or closed. In other words, a not
necessarily countably additive “measure” such that each subset is
measurable and has measure either 0 or 1.

— The filter of cofinite subsets of a set: a subset is a neighbourhood
iff its complement is finite.

— Sets of points of a metric space whose complement has finite diam-
eter form a filter.

— Sets of pairs of points of a metric space which contain all pairs
sufficiently close to each other, i.e. subsets of M x M which contain
the following set for some € > 0:

{(z,y) e M x M : dist(x,y) < €}

— Sets of pairs of points of a metric space which contain all pairs suf-
ficiently far apart, i.e. subsets of M x M which contain the following
set for some d > 0:

{(z,y) e M x M : dist(z,y) > d}
— fixme: other examples..

4.1.2. Simplicial sets: notations and first definitions. — Recall a pre-
order <c Px P, i.e. areflexive transitive binary relation on a set P, defines
a topology on P: a subset U ¢ P is open iff x € U whenever x < y for
some y € U. Recall also that the preorder also defines a category whose
objects are elements of P and where all diagrams commute: there is a
necessarily unique morphism z — y iff  <y. Monotone non-decreasing
maps correspond to continuous maps and, resp., functors.

In fact, a preorder on a finite set can be viewed in three equivalent
ways: as a reflexive transitive relation, a finite topological space, and a
category where all diagrams commute. Maps (morphisms) of preorders
are then viewed as monotone maps, continuous maps, and functors.

Let A be the category whose objects are finite linear orders n¢ :=
{0,..,n—1}, n e N, and whose morphisms are non-decreasing maps; note
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that in A each isomorphism is an identity, in other words, there is a
unique object in each isomorphism class. Let A°P be its opposite cate-
gory. Let Ay, denote the equivalent category of all finite linear orders
and non-decreasing maps. A simplicial object of a category C'is a functor
Xe: A% — (C. A simplex is an element of X (n<) for some n > 0. An
n-simplex is an element of X ((n +1)<).

An increasing sequence 1 < t; < ... < t, < m determines a morphism
m< — n< in A°. We denote the corresponding faces and degenerations
of a simplex s by s[t;<...<t,] or s[tq,...,t,].

In a category C, the set of all maps from an object X to Y is denoted

by {X = Y}. The space of maps from X to Y, if defined, is denoted by

{X = Y}; typically it is an object of the category C' itself.

Sometimes we borrow notation from type theory and write X : C' to
indicate that X is an object of X.

4.1.3. The definition of the categories of simplicial sets with a notion of
smallness.—

Definition 4.1.3.1. — Let 3@ = Func(A°P, ) be the category of func-
tors from A°P the category opposite to the category A of finite linear
orders, to the category @ of filters.

Let 3@ be the category 3 localised as follows: Ob 32 = Ob 32, {X oy Y} =
P

{X vy Y}/ ~ where [ w~@ g iff there is NV > 0 such that for every
A

n > N there is a neighbourhood ¢ c X,, such that for all z € ¢ it holds
f(x) = g(z).

We think of an object of 39 as a simplicial set equipped with a notion
of smallness, and that it provides us with a notion of a space which is
more flexible than the notion of a topological space. We suggest no good
name for these spaces and refer to such a space as either a simplicial
neighbourhood, a neighbourhood structure, a simplicial filter; the reader
preferring a short word may want to call it a situs.

We think of an object of 3® as a space where we only care about local
properties.
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4.2. Topological and metric spaces as simplicial filters. — Here
we show that 3;® contains both categories of topological and of metric
spaces (with uniformly continuous maps) as full subcategories.

4.2.1. Topological and metric spaces as neighbourhood structures. — See

§2.2.3] and §3.1] for examples and intuition.

Definition 4.2.1.1 (Topological and metric spaces in 3%P)
A metric dist : XxX — R on a set X defines a filter of e-neighbourhoods

of the diagonal on X™ = {nas Set S X}: a subset € ¢ X" is a neighbour-
ets

hood iff there is an € > 0 such that (x1,..,2,) € € whenever dist(z;,z;) <e
for all 1 <4,5 < n.
A topology on a set X defines a filter of topoic neighbourhoods of the

diagonal on X™ = { N set " X ¢ as follows:
ets

1. for n =1, X itself is the unique neighbourhood of X = X1.

2. forn =2, U c X x X is a neighbourhood iff for all x € X there is an
open neighbourhood U, 5 x such that {z} x U, € U.

3. the filter on X™ is the coarsest filter such that maps X — X x
X, (21, ...;x,) » (24, 2441) are maps of filters for each 0 < i <n. Ex-
plicitly, a subset € of X" is a neighbourhood iff either of the following
equivalent conditions holds:

— there exist neighbourhoods ¢; ¢ X x X0 < 7 < n, such that
(z1,...,x,) € € whenever for each 0 <i<n, (x;,241) € &;.

— for each z € X there a neighbourhood ¢, ¢ X" ! such that
{r}xe, ce

Denote the simplicial filters associated with a metric and a topology
on X by Xy and X, resp.

Ezxercise 4.2.1.2. — A verification shows that — : Top — 3P and
—aq : (Metric Spaces, Uniformly Continuous Maps) — 39 define fully
faithful embeddings of the category of topological spaces and the category
of metric spaces and uniformly continuous maps.

Ezxercise 4.2.1.3. — Check these two embeddings have inverses.

— Check that the embedding of topological spaces admits an inverse
—-1 3@ —> Top defined as follows. See §2.2.4] for another brief
exposition, and note the similarity to the definition of the topology
associated with a uniform structure [Bourbaki,[1§1.2,Prop.1,Def.3].
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The set of points of X--1 is the set of 0-simplicies which are e-

small for each neighbourhood ¢ ¢ Xy, i.e. Xpoints = N E.
ecXp is a neighbourhood

The topology is generated by the subsets that together with each
point contain all e-near points for some ¢ ¢ Xy, i.e. U, 3 x is a
neighbourhood of z iff there is a neighbourhood ¢ ¢ X; such that
y € U, whenever y € X, oints and (z,y) €€ or (y,z) € €.

— Check that for a topological space X, (X-)r-1 = X, and that
([0.1]<)-1 =[0,1] is the usual unit interval.

— Check whether the embedding of uniform spaces admits an inverse
—ag-1: 3P —> UniformSpaces defined as follows.

The set of points of the uniform space Xag-1 corresponding to

a simplicial neighbourhood X is the set X, of O-simplicies. The
uniform structure on X is the coarsest such that the obvious map
X — Xag-1 is continuous.

Remark 4.2.1.4. — The neighbourhood structure of topoic subsets as-
sociated with a topology lacks symmetry of the filter associated with the
neighbourhood structure of e-neighbourhoods of the diagonal associated
with a metric. This accords well with a remark of in the introduction of
(Bourbaki, General Topology):

a topological structure on a set enables one to give an exact
meaning to the phrase “whenever z is sufficiently near a, x has
the property P{z}”. But, apart from the situation in which a
“distance” has been defined, it is not clear what meaning ought
to be given to the phrase “every pair of points x,y which are
sufficiently near each other has the property P{x,y}”, since a
priori we have no means of comparing the neighbourhoods of
two different points.

In fact, a metric gives rise to a functor FiniteSets — ¢, and the notion

of a uniform structure is equivalent to such a functor satisfying the “2-
dimensionality” Condition of Def. |4.2.1.1{(3).

Ezxercise 4.2.1.5. — Show that the definition of a uniform structure
[Bourbaki,General Topology, 11§1.1,Def.1] in fact describes a 2-dimensional
(i-e. satisfying Def. [4.2.1.1)(3)) symmetric simplicial filter, where symmet-
ric means that it factors as A°? — FiniteSets? — .
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4.2.2. Simplicial neighbourhoods associated with metric maps on the large
scale. — We shall now show that 3® contains the opposite to the cate-
gory of geodesic (on the large scale) metric spaces with surjective quasi-
Lipschitz maps.

Call a map f: X — Y of metric spaces injective on the large scale
[Gromov,§0.2.D] iff there is a monotone unbounded real function A\(d), d >
0, such that either of the equivalent conditions hold:

— distx(z,y) < M(disty (f(z), f(y))) for all z,y e X
— disty (f(x), f(y)) 2 A} (distx (x,y)) for all x,y e X

Sets
represented by the set of its points. Call a subset U of X™ a neighbour-

hood iff there is d > 0 and a set B of diameter < d such that

— (o, ..., ) € U whenever zy, ..., z, ¢ B and
dist(x;,z;) > d for all 0 < i < j <n such that z; # z;

Associate with a metric space X the sset A — Sets, n —> {n — X}

Let X, : 32 be the simplicial neighbourhood obtained.

Ezxercise 4.2.2.1. — Check that —, defines a contravariant fully faith-
ful embedding of the category of geodesic (on the large scale) metric
spaces with surjective quasi-Lipschitz maps, cf. [Gromov,§0.2.D,§0.2.A%].

— A morphism X, — Y, in 3® is a map of metric spaces X — Y
injective on the large scale.

— If X and Y are geodesic and f: X — Y is surjective, then f~! is
quasi-Lipschitz iff f: X, — Y, is well-defined, i.e. iff f is injective
on the large scale.

— Conclude that —, defines a contravariant fully faithful embedding
of the category of geodesic (on the large scale) metric spaces with
surjective quasi-Lipschitz maps.

— Work out the geometric meaning of the lifting property defining
connectedness (see Exercise for notation and explanations):

o X — {0=1}r «{0,1}+ — {0=1}r

Ezercise(todo) 4.2.2.2. — In §2.3.1We define the notion of geometric
realisation as an endofunctor of 3®. Define in 3®, and then work out the
geometric meaning of, X; — B(G.): does B(G,) classify something
which may be called a G-bundle on the large scale ?
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4.3. The subdivision neighbourhood structure on a simplicial
set. — We give precise meaning to “subdivide a simplex into simplexes
small enough”, as follows.

Definition 4.3.0.3. — Let X :sSet and let € € X be a simplex, m > 0.
A subset € c X, is (¢, m)-neighbourhood, resp. (€, m)s-neighbourhood or
(e,m)<-neighbourhood, iff for each N > 0 and each simplex €’ : Xy such
that € is a face of ¢ it holds:

— €'[t1< ... <t,] € e whenever 0 <t <. ty+m< N
— €'[t1< ... <t,] € e whenever 0 <t <. m< N
— €[t1< ... <t,] € whenever N-m<t;<...<t, <N

L <ty
<ty

IN N

The subdivision, resp. >-subdivision or <-subdivision, filter on X, is
generated by the (e, m)-neighbourhoods where € : X}, varies through sim-
plices of arbitrary dimension k >0, m > 0.

Let Xguwa denote the simplicial set equipped with the subdivision
neighbourhood structure, and similarly for <-subdivision and >-subdivision
neighbourhood structures.

Example 4.3.0.4. —  — For the simplicial set of Cartesian powers
e M}, nw M™ of a set, the subdivision filter is trivial: M"

is the only neighbourhood of M™.
— (see details in the next subsection) For a linear order [0, 1], in the
simplicial set consider “co-represented” by [

Ne —> {ns - [07 1]3}7
preorders

the subdivision filter is generated by the sets {(t; < ... < t,) :
dist(t;, t;41) < €} where € > 0. Equivalently, this is the filter is
generated by the subsets of simplices of diameter ¢, for € > 0.

4.4. The real line interval [0,1]. — We now may define the interval
object in 3® by equipping the sset corepresented by a linear order with
the subdivision neighbourhood structure.

Definition 4.4.0.5. — Let the interval object [0,1]< in 3P be the sset
A°P —> Sets

Ne —> {ns - [0, l]g}
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equipped with the subdivision neighbourhood structure. Let [0, 1]<-,
[0,1]<+, and [0, 1]<+ a denote the same sset equipped with the <-subdivision,
>-subdivision, and the union of <-subdivision and >-subdivision neigh-
bourhood structures, resp.

We also use similar notation for any preorder (7,<).

Ezxercise 4.4.0.6. — The subdivision neighbourhood structure on [0, 1]«
is induced by the metric in the following sense: it is generated by the
e-neighbourhoods of the diagonal {0 <ty < ... <t, < 1:dist(t;,ti41) < €},
for € > 0.

Exercise 4.4.0.7. — Let X be a topological space, M a metric space.
— A continuous function [0,1] — M is the same as a morphism
[0,1]<« — Mg in 3.
— A continuous function [0,1] — X is the same as a morphism
[O, 1]5i — XT in }_‘P.
— A upper semi-continuous function [0, 1] — X is the same as [0, 1].- —

Xor in 3.
— A lower semi-continuous function [0, 1] — X is the same as [0, 1]<+ —>
X in 3.
4.5. A notion of homotopy based on the interval [0,1].. — In

the standard way this notion of an interval leads to a notion of homotopy.
Note that we later define a notion of homotopy based on a notion of the
mapping space, which we feel is more appropriate.

Remark 4.5.0.8 (Homotopy on 3®). — The definition above lets us
define a notion of homotopy in 3® in the usual way: two maps f,g :
X — Y are homotopic iff there is a linear order I, elements ¢y and i,,

a morphism X x I " ¥ such that f factors as X x {is} — X x I Ly
and g factors as X x {i;} — X x I Ly,

Ezxercise(todo) 4.5.0.9. — Compare this to the notion of homotopy
defined in §4.6.3]

4.6. Mapping spaces, geometric realisation and a notion of ho-
motopy. —
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4.6.1. Discretised homotopies as Archimedean simplices. —

Definition 4.6.1.1. — A simplex s is ¢/n-fine iff s[t; < ... <ty] € ¢
whenever t; < ... < tp < t; +n. A simplex s is Archimedean iff it can
be split into finitely many of arbitrarily small parts, i.e. is a face of an
e/n-fine simplex for every neighbourhood e c X}, and every k,n > 0. Call
such an e/n-fine simplex an e/n-refinement of s[(7)]

Call a set of simplices bounded iff its simplices are Archimedean and
there is an upper bound on the dimension of their £/n-refinements for

each n and neighbourhood ¢.

Ezxercise 4.6.1.2. — Check that for a metric space M, a pair of points
s=(x,y) € M x M form an Archimedean simplex in May_iff for each € > 0
there is an e-discretised path x = xg,1,...,x; = y, dist(zy, x441) < € for
0<t<l, fromx=(x,y)[0] toy=(x,y)[1].

Note we do not require that these e-discretised path converge on an
actual path; perhaps this hints the definition of an Archimedean simplex
should be modified.

Check that in a metric space M with an inner metric a subset B c
M x M is bounded iff there is a bound on the distance between points for
(z,y) € B, i.e. there is d > 0 such that dist(z,y) < d whenever (z,y) € B.

Ezxercise 4.6.1.3. — Archimedean simplices form a subobject (sub-
functor) Xayen of X, for X : 3. Check that a surjective map X — Y
induces a map Xareh — Yarch-

Ezxercise 4.6.1.4. — A well-known lemma says that two functions f, g :
A — M from an arbitrary topological space A to a metric space M are
homotopic iff there is a e-discretised homotopy f = fo,..., fn = g such
that for any = € A dist( fi(x), fiz1(x) < €, under some assumptions on the
metric space M; it is enough to assume that for every ¢ > 0 there is § > 0
such that every e-ball contains a contractible subset containing a d-ball
with the same centre. (Ref!)

(MThe geometric intuition suggests this definition should possibly be modified: g/n-
refinement of a simplex may “go off to infinity” as € and n vary; in the case of a
metric space, the e-chains (i.e. e-discretised homotopies) connecting two points go
off to infinity rather than converge on an actual path). One may want to require
something like that a simplex s is Archimedean iff for every neighbourhood e c X}
and every k,n > 0 it has an e/n-refinement which in its e-neighbourhood has §/m-
refinement with the same property, for every neighbourhood § ¢ X; and every I, m > 0.
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Check that the lemma says that two functions f,g : A — M are
homotopic iff (f,g) is an Archimedean simplex of the mapping space
Func(A, M) with the sup-metric, or, equivalently, iff ( f, ¢g) is an Archimedean
simplex of the mapping space (Func(A, M)a) areh-

4.6.2. Skorokhod mapping spaces: the definition. — We now repeat some-
what more formally the definition of the Skorokhod filters given in §2.3.2]

Definition 4.6.2.1. — Let X,Y : 32 be objects of 3. For N >2n, 6 c

Xy and € 'Y, aed-Skorokhod neighbourhood of the Hom-set {XaS sset o Yis sset}
of underlying simplicial sets of X and Y is the subset consisting of all
the functions f : X,s sset — Yas sses With the following property:

there is a neighbourhood g ¢ X,, such that each “dg-small” x € d
has a “d-small” “continuation” x’ € Xy, x = 2/[1..N] such that its
“tail” maps into something “c-small”, i.e. f(z/[N-n+1.N])ee.
As a formula, this is

{f: X —Y :30cX,VredIz' ed(x=2[1..n] & f('[N-n+l,..,N])ee)}

The Skorokhod filter on {Xas sSet —> Yy Sget} is the filter generated by

sSets

all the Skorokhod ed-neighbourhoods for N > 2n > 0 (sic!), neighbour-
hoods 6 ¢ Xy and e c Y,,.
As a formula, it is

{f: X —Y :30c X, VredyIz' ed(x=a'[l..n] & f(x'[N-n+l,..,N])ee)}

sSets

Let {X T) Y} denote {Xas sSet S Yas sSet} equipped with the Sko-
rokhod neighbourhood structure.

This allows to define mapping spaces in 3 by equipping the inner Hom
of ssets with Skorokhod filters.

Definition 4.6.2.2 (Mapping space). — The Skorokhod mapping space
{X % Y} is the inner Hom {Xas <Set ? Yis sSet} of the underlying

il
simplicial sets of X and Y equipped with the neighbourhood structure as

follows. Equip the (n-1)-simplex A,,_; = {— - ns} with the antidiscrete

filter, equip X xA,,_1 = X x {— 2 ns} with the product filter, and, finally,
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equip the set of (n—1)-simplicies {Xas <Set X {— ns} Yis sSct}
preorders sSets
with the resulting Skorokhod neighbourhood structure.

The mapping space { X = Y} is the subspace of the Skorokhod map-
p
ping space consisting of “continuous functions”, i.e. the simplicies “over”

0-simplicies in 4 X e Y}. That is, it is formed by the simplicies s €
P

{Xas ot ==> Yis Sset} such that all its 0-dim faces s[t] : X — Y, 0<t <

dim s, are yP-morphisms.

Remark 4.6.2.3. — It is possible to define a different neighbourhood
structure. We give this definition to demonstrate that there are implicit
choices made in formalisation, and care needs to be taken. Another
reason is that we are not sure our definitions are most appropriate.

CallU c {X X {— on+ 13} — Y} a neighbourhood iff for some m >

< sSets
0, neighbourhoods ¢ ¢ X,,, and ¢ c Y}, some (equivalently, all) sequences

- —
t =(0<ty<...<tm<n), s :=(0<s0<... <8, <m) such that ¢ < sp,
t1 < S1yeeny by < Sy, it holds

f € U whenever the following implication holds
ful

For example, if n = 0 the only neighbourhood is U = {X X {— e 15} —Y
itself. i

Exercise(todo) 4.6.2.4. — Let X be a locally compact space, and let
M be a metric space such that each ball contains a contractible subset
containing an open ball around the same point.

— Calculate the mapping space {XT = Mml} and the Skorokhod
A

. sSets
mapping space {X'r ;ﬂ} Maq_}.
P
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— Check whether f : X — M is homotopic to g : X — M iff

the simplex (f,g) is Archimedean in either {X-r = Mml} or in
A

{XT sSets Mml}
P

Ezxercise(todo) 4.6.2.5. — Check the following basic properties of the
evaluation map for the Skorokhod mapping spaces or the mapping spaces.

— Check whether the isomorphism of the underlying ssets (natural in
A, X,Y) is necessarily continuous:

ev, : {A sSets {X sSets Y}} N {AXX sSets Y}
P P P

— Check whether for the “point” object Ag = {nS - 15} of 3, both

the Skorokhod mapping space and the mapping _space from Aq to
an Y : 3P is Y itself:

@*:{{ns?ls}&Y}mY

P
Ezxercise 4.6.2.6. — Check whether {— %’ Y} has an “inner” ana-
P

logue of the left adjoint in the following sense.

— Define a semi-direct product Ax X in 39 as follows. The underlying
simplicial set is that of the direct product in sSets, or, equivalently,
in 3 (Ax X), = (Ax X),. The filter is defined as follows: ¢ c
A, x X, is a neighbourhood iff there is a neighbourhood a c A,, such
that for each “a-small” a € « there is a neighbourhood ¢, ¢ X,, such
that (a,z) € § whenever a € a and x € d,.

— Check whether there is an isomorphism in 3® natural in A, XY

ev, : {A sSets) {X sSets) Y}} (is0) {AD(X sSets Y}
P P P

— Ponder the similarity to the definition of the topoic filter in the
definition of the yP-neighbourhood structure associated with topo-
logical spaces.
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4.6.3. A notion of homotopy based on the mapping space. — Now that
we have a notion of a mapping space, we define a notion of homotopy
using Archimedean simplices. Recall that a pair of continuous functions

fo, f1 : X — Y defines amap XxA; — Y, (5,0) = (fo0)(5), -, fom)(5)) €

sSets

Y+l =Y, and thus can be viewed as a 1-simplexin{ X =Y ;c{X —Y

P P

Definition 4.6.3.1 (Skorokhod homotopic). — Say that a map f :
X — Y is Skorokhod homotopic to g: X — Y iff the simplex (f,g) is
Archimedean in {X SS% Y}.
P
Say that @ map f: X — Y is homotopic to g : X — Y iff the simplex

(f,g) is Archimedean in {X :q)' Y},
L

Ezxercise(todo) 4.6.3.2. — Are these notions symmetric? transitive?
Study these notions of homotopy. For example:

— Let X, Y : sSets be ssets equipped with antidiscrete filters: the only
neighbourhood is the whole set. Check that this is equivalent to the
definition of simplicial homotopy in [Goerss-Jardine, 1§6].

— Check whether this gives the standard notion of homotopy of maps
from topological spaces to metric spaces. Compare Exercise [4.6.1.4

and Exercise [£.6.2.41

4.6.4. The geometric realisation via the approach of Grayson. — We
now repeat more formally the construction of the geometric realisation
due to [Besser|, [Grayson, Remark 2.4.1-2], and [Drinfeld] sketched in
233

[Besser, Def.3.3] and [Grayson, Remark 2.4.1-2] give a construction
of the geometric realisation of a simplicial set based on the observation
that the standard simplex A, = {(s1,..,8,) € [0,1]?: 0< 81 < ... < 8, <
1} is the space of maps [0,1]c — (n + 1)< of preorders modulo some
identifications, i.e.

{{— o, 1]S} o {- S (n+ 1)5}} |

The notion of a mapping space in 3P suggests we should try to define
the geometric realisation of a simplicial set X as the Skorokhod space

|
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{{— _ [071]3} shets X} of (discontinuous) paths in X equipped

preorders 3P
with an appropriate neighbourhood structure.

Definition 4.6.4.1. — The Besser geometric realisation of X : 3P is
the endofunctor

iq)_>7.cp7 XM{[Q”S%;X}
A

The Grayson subdivision is the endofunctor
P — 3P, X+— Xoe

where e : AP — A°P is the endofunctor defined following [Grayson,§3.1,
esp. Def.3.1.4, Def.3.1.8)):

n+—2n, f:m->n+— {n+i>n+f(i), n—-i »n-f(i), fori=0,...,n-1}

Ezercise(todo) 4.6.4.2. — Verify details of the argument in §2.3.3
and prove the following.

— Verify §2.3.3| gives a well-defined map of ssets
X —{[0.11s — x}

sSets
— Let Xgiag denote the simplicial set X equipped with the finest neigh-
bourhood structure such that the set Xy of 0-simplicies is antidis-
crete. Explicitly, a subset of X, is a neighbourhood iff it contains
the diagonal, i.e. the image of Xj in X,, under the unique degeneracy
map. Verify that Xgia, : 3P is well-defined.

— Verify that for X = A,_; = { - ns}, n > 0, the Hausdorffisation
of the topologisation of the Skorokhod paths space is the standard

simplex:
sSets (is0)
({[0> 1)< ? (An)diag} ) — |A,]
g T-!/ Hausdorff
. sSets . .
— Verify that {[0, 1]< s:: —} : sSets — sSets preserves finite di-
rected limits, and is also compatible with Skorokhod neighbourhood
sSets
structure, i.e. that {[0, 1]< % — ¢ 1 3P — 3 also preserves finite
L

directed limits.
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— (todo) Conclude that for a finite simplicial set X there is an iso-
morphism of the geometric realisation and the Hausdorffisation of
the topologisation of the Skorokhod paths space:

] L2, ({[o, 1] 2L Xdiag} )
?
2 T-1/ Hausdorff

— (todo) Give a precise meaning to the following argument. For ev-
ery n > 0 the sequence of xy is determined, up to € = 1/n, by zy
where 6 : ne — [0,1],0 = (0 < 1/n < ... < (n=1)/n). Hence, the
topological geometric realisation of a simplicial set X is dense in
the topologisation of its Skorokhod paths space.

Remark 4.6.4.3. — A.Smirnov suggested it maybe worthwhile to see
whether the use of geometric realisation by [Suslin, On the K-theory of
local fields| can be interpreted in terms of 3.

4.7. The connected components functor 7, as M2(l-Ir)-replacement.—
We observe that the connected components functor my is analogues to
the (co)fibrant replacement postulated by Axiom M2 of model categories
where the (co)fibrant replacement is taken with respect to a morphism
implicitly appearing in the definition of connectivity.

Recall that {0,1} — {0 = 1} denotes the map of topological spaces
gluing together the points of the discrete space with two points. As usual,
we denote by {0, 1} — {0 =1} the corresponding map in 3.

Recall that {0, 1} can be explicitly described as follows: n — {0, 1}",
and a subset of {0,1}" is a neighbourhood iff it contains the diagonal

{(0,,0), (1, 1)},
Ezxercise 4.7.0.4. — Check the following.

— A topological space X is connected iff X — {0 =1} < {0,1} —
{0=1}.

— A simplicial set is connected iff X — {0 =1} « {0,1}1+ — {0 =
1}r.

Denote by P! and Pr the classes (properties) of morphisms defined
with respect to the left, resp. right, lifting property:

Pl={f <g:geP} P ={f«g:feP}
It is convenient to refer to P' and PT as the property of left, resp. right,
Quillen negation of property P.
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Definition 4.7.0.5. — In Top, let my be the functor defined by the
following M2(l - Ir) decomposition:

({0,13—{o0=1})’ ({0,1}—{0=1})"
—_— T ) B — g

X o(X {0=1}

In 32, let mg be the functor defined the following M2(l - ir) decompo-
sition:

({0,1}r—{0=1}p)! ({0,1}r—{0=1}-p)"

X 7T0(X)

{0=1}r

Ezxercise 4.7.0.6. — Check this definition is consistent with the usual
definition of 7 in sSets. Recall there is an embedding sSets — 3@, n —
(X,) antidiscrete Which sends a simplicial set X into itself equipped the
antidiscrete filters, i.e. the filter such that the only neighbourhood is the
whole set.

q)
Check that the set of 1-simplices 7Té (X); is the set of connected com-

. P .
ponents of Xantidiscretea and, m faCt7 7T0 (X) = dlag(ﬂ(s]sets(X)antidiscrete)‘

Ezxercise 4.7.0.7. — Check this is consistent with the usual definition
(notation) of my on Top. For example, check the following.

Let X be a topological space such that the mo(X) is well-defined (be-
haved), e.g. X has finitely many connected components. Then in Top it

q)
holds Wé‘ (Xr) = (m,°P(X))r, or, in other words,
0,1} —>{0=1}r)! o 0,1} —>{0=1}-p)Ir
X ({0,1}-—{0=1} 1) Wg P(X) ({0,1}-—{0=1} 1) 0=1}r
4.8. Locally trivial bundles. — Here we repeat somewhat more for-

mally §2.2.5 about local trivial bundles.

It is said that being locally trivial means being locally a direct product.
The precise meaning of this phrase in terms of 3@ is straightforward:
a map over a base B is locally trivial iff it becomes a direct product
after pullback along B[+1] — B. We state this in the next § and
then speculate whether this observation can be used to define a model
structure on 9.

4.8.1. Local triviality as being a product after pullback along B[+1] —
B. —
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Ezxercise 4.8.1.1. — A map p : X — B of topological spaces is a
locally trivial bundle with fibre F iff there is an yP-isomorphism

(is0)

T BT[+1] XBupe X —— BT[+1] x F over BT[-I-l]
i.e. there is a commutative diagram as shown

BT [+1] X FT -(is0)» BT[+1] XBT XT E— X']‘

| | i

Br[+1] id— Br[+l]] ——— B

Verify the argument in §2.2.5| using the following steps.

— As simplicial sets, Br[+1] xp.. X = UpepX-r and Br[+1] x Fr =
Upeg B % For where u denotes disjoint union.

— To give a map of these simplicial sets over Br[+1] is to give for
each b e B a map of sets f, : X — B x F' over B which extends to
a map of the corresponding simplicial sets X-r — B x Fr.

— The maps f, : X — B x F, b € B represent a continuous 3P-

isomorphism B[+1] xg X RGN B[+1] x F' in 3 iff for every b e B

there is a neighbourhood Uy, 5 B such that f, defines a homeomor-
phism between p=t(U,) and Uy, x F.

— Check whether the above holds for the “%-embedding of metric
spaces.

— Check whether the above also holds for the localised category 3®.

Ezxercise(todo) 4.8.1.2. — Use the reformulation above to rewrite for
3@ a definition of the long exact sequence of a (co)fibration in terms of

the endofunctor [+1] : 3% — 3® and base change B[+1] — B.

4.8.2. Suggestions towards a model structure on the category of simplicial

filters. —

Ezercise(todo) 4.8.2.1. — Can this notion of local triviality be used
to define a model structure on 3®? For example, do the following.

— Calculate in 3P
(f) ={X 5 B:in 3@ B[+1]xpX —> B[+1] is of form B[+1]xF — B[+1]}"

— Is it true that maps in (f) have the homotopy extension property,
i.e. forany A A— Ax[0,1]< < (f) ?
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— Does this define the class of fibrations in the category of topological
spaces, i.e. is it true under suitable assumptions that a map p of
topological spaces is a fibration iff p-€ (f) 7

— (todo) Does the morphism [0,1]< o [+1] — [0, 1]< have interesting
universal properties or lifting properties 7 Calulate {[0, 1]<o[+1] —
[0, 1]}

— (todo) Is there a model structure on 3# where (wc) := (f)! and (f)
are the classes of weak cofibrations and fibrations, resp.?

— (todo) More generally, define a model structure on 3 or 3®.

4.9. Taking limits of sequences and filters.— Here we show how
to reformulate about taking limits, convergence of sequences, equicon-
tinuous families of functions, Arzela-Ascoli theorems, compactness and
completeness, with help of the endofunctor [+1] : 3@ — 3 “shifting
dimension” and Quillen lifting properties.

4.9.1. Three embeddings const,diag, cart of filters into simplicial filters.
— Let F' be a filter. There are two natural ways to equip {n o F
with a filter:
(a) the finest filter such that degeneracy (diagonal) map
{1§;>F}:F——>{ngt?F}:F”,xH(x,x,...,x)

1s continuous.

(b) the coarsest filter such that all the face “coordinate projection”
maps

Sets Sets

{n—>F}=F”—>{1—>F}=F, (r1,...,x,) — x;,0<i<n
are continuous.

Exercise 4.9.1.1. — Explicitly, these filters can be defined as:

(a’) a subset of F™ is a diag-neighbourhood iff it contains {(z,z,..,x) :
x € U} for some U an F-neighbourhood

(b’) asubset of F™ is a cart-neighbourhood iff it contains Uy x Uy x.. x Uy,
for some Uy, .., U, F-neighbourhoods

There is also the constant functor const : ¢ — 3P, n — F.

Ezxercise 4.9.1.2. — Check these define three fully faithful embed-
dings diag, cart, const : ¢ — 3P
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4.10. Shift endofunctor [+1]: A — A. — The reformulation of the
definition of limit in 3® uses the following “shift” endofunctor of A°P
“forgetting the first coordinate”. Let [+1] : A — A denote the shift by
1 adding a new minimal element:

[+1]: (1<...<n) —> (moo<1<...<n); ([+1]f)(-00) = —o0; ([+1]f)(i):=1

The endofunctor is equipped with a natural transformation [-1] : [+1]

!

id : A°? — AP and its morphisms X[+1] il X are particularly useful
to us.

Now we recast in these terms a number of familiar notions in analysis:
limit, Cauchy sequence, etc.

4.10.1. Cauchy sequences and their limits.— A sequence (a,) of points
of a metric space may be viewed as a map N — M. Let N.y be N
equipped with the filter of cofinite subsets: a subset U of N is a neigh-
bourhood iff there is N >0 such that m € U whenever m > N.

Exercise 4.10.1.1. — The sequence (a,) € M is Cauchy iff it deter-
mines a continuous map

{_—>Ncof} _>M‘"77 (ilr-?in)'_’(ail?'-'aain)
cart

Sets
The sequence converges iff this map factors as

[-1]
{_ - I\Icof} - Ma’?[+1] - M‘"?a
cart

Sets

and the map is necessarily of form (i1, ..,7,) —> (Goo, @iy, ..., a;,) Where
(o is the limit of the sequence.

Ezxercise 4.10.1.2. — A filter F on M is Cauchy iff {— — F} —
cart

Sets

Maq is well-defined in 3.

Sets

A Cauchy filter converges on M iff the morphism {— — F } —
cart
May factors as Fiuy —> Mag[+1] — May.
A filter F' converges on M iff the morphism {— — F } — My
diag

Sets
factors as Fjag —> May[+1] — May.
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4.10.2. Limits on topological spaces.— The same construction works for
topological spaces.

Let F' be a filter on the set of points of a topological space T

The inclusion (equality) of underlying subsets F' ¢ T' defines a mor-

phism of sSets {n — F} — {n — T}.

Sets Sets

Ezxercise 4.10.2.1. — A filter F' converges on a topological space T
iff the morphism {— — F } — T factors as {— —> F } —
diag diag

Sets Sets
T’]‘ [+1] — T’]‘.

4.11. Compactness and completeness.— We reformulate compact-
ness and completeness in terms of iterated orthogonals/Quillen negation
and morphisms representing typical examples of these notions. See the

footnote in §2.1.4| for the definition of the Quillen negation/orthogonals.
4.11.1. Compactness and completeness as lifting properties/Quillen negation.—

Ezxercise 4.11.1.1. —  — A metric space X is complete iff each Cauchy
filter converges, i.e. for each filter F' it holds

®—>{——>F} KXaq[+1]—>Xaq
cart

Sets

— A topological space X is quasi-compact iff each ultrafilter converges,
i.e. for each ultrafilter U it holds

Sets

®—>{——>il} < Xr[+l] — Xt
diag

— A metric space X is compact iff each ultrafilter converges, i.e. for
each ultrafilter U it holds

Sets

®—>{——>ﬂ} KXGI][+1]—>X09
diag

— A metric space X is pre-compact iff each ultrafilter is Cauchy, i.e. for
each ultrafilter Ll it holds

Sets Sets

{——>L[} —>{——>L[} AXaq—)J_
diag cart
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— A metric space X is complete iff each Cauchy ultrafilter converges,
i.e. for each ultrafilter 4 it holds

@—>{——>u} AXaq[+1]—>Xaq
cart

Sets
— A map X — Y of topological spaces is proper iff for each ultrafilter
i1 it holds
g — {— ? Ll} A X'r[+1] — X VXT[+1] Y:]‘[+1]
ets diag
This lifting property is equivalent to [Bourbaki, 1§10,2, Theorem 1d]:
TueoreM 1. Let f: X — Y be a continuous mapping. Then the following
Jour statements are equivalent :
a) f is proper. B
d) If W is an ultrafilter on X and if yeY is a limit point of the ultrafilter
base f (W), then there is a limit point x of W such that f (x) = .

4.11.2. Concise reformulations in terms of iterated orthogonals/Quillen
negations.— The reformulations above lead to a concise expression in
terms of iterated Quillen negations/orthogonals.

Consider the two element set {0,1} and let {0 < 1} denote the filter
with the unique neighbourhood on this set. Let {o < 1} and {o > 1}
denote the filters on this set generated by {o}, resp. {1}.

For a filter F', let F_,. denote the simplicial set {— o F } , and let

ets cart
u denote the disjoint union (equivalently, coproduct).

Finally, let {0 < 1}eart U {0 > 1}cart — {0 <> 1}care denote the obvious

map.

Ezxercise 4.11.2.1. —  — A topological space K is quasi-compact iff
Ko[+1] — Kt € ({0 < 1}eart U{0> 1} et — {0 < 1} eae) ™
— A map X — Y of topological spaces is proper iff
X [+1] — XV Yr[+1] € ({0 < e U {0 > Lreart — {0 < L}ean) "
(Hint: First check that a filter F' is an ultrafilter iff
@ — Faiag < {0<1}ears U{0> 1}oary — {0 < 1}cart

(the lifting property means that the preimage of either o or 1 is a neigh-
bourhood). This is enough for the ‘if” implication.)
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Ezxercise 4.11.2.2. — Check whether the following holds for a reason-
able class of metric spaces. A metric space is complete iff

Maq[+1] — Mag € {Rag[+1] — Rm]}lr
where R denotes the real line with the usual metric.

Ezxercise 4.11.2.3 (Taimanov theorem). — Show that a map f be-
tween T} topological spaces is proper iff in Top f € ({0} — {0 - 1})%.)".
See |Gavrilovich-Pimenov,§2.2] for explanations.

Ezxercise(todo) 4.11.2.4. — Check whether the following reformula-
tions of topological properties hold in the category of topological spaces.
Can these expressions be interpreted in 32 7 What would they mean for
topological spaces ?

For example, start by calculating the iterated orthogonals/negations
below both in Top and 3P using the embedding of Top into 3P. See
[Gavrilovich-Pimenov,§5,3] for the explnatation of the notation and a list
of other examples of topological properties expressed in terms of iterated
Quillen orthogonals/negation.

— {{}-—>{0}}"r is the class of surjections.

— {{}->{o}}rr == {{x<->y->c}-->{x=y=c}}"1is the class of sub-
sets, i.e. maps of form X c Y (where the topology on X is induced
from Y')

— {{3-—>{0}}"rl is the class of maps of form X — X u D where D
is discrete

— {o} — X € {{}-—>{0}} rll iff X is connected and non-empty

—{{}—>{o}}"1={A—B:Axgor A=B=g}

— {{}3-—>{o}}"1r ={@— Y : Y arbitrary}

— {{}-->{0}} "1rr is the class of maps which admit a section

— {{c}-—>{o0->c}}"1 is the class of maps with dense image

— {{x,y}-—>{x=y}}r == {{x<->y}-->{x=y}"1 is the class of injec-
tive maps

— {{x<>y->c}-—>{x<->y=c}}"1 == {{c}-->{o->c}} 1ris the class
of closed subsets

— {{x<—>y<-c}-->{x<->y=c}}"1 is the class of open subsets

— X — {o} e {{a<-b->c<-d->e}-->{b=c=d}} 1 iff X is normal (T4)

— (Tietze lemma) R — {o} ¢ {{a<-b->c<-d->e}-->{b=c=d},{a<-b->c}-->{a=b=c}} 1r

— in Top the following expression means something similar to the
Urysohn lemma without taking care of the necessary(!) conditions
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like being first countable:
R-—->{a<-b->c} (- {{a<-b->c<-d->e}-->{b=c=d}}"1r

Ezxercise(todo) 4.11.2.5. — Being proper can also be defined as “uni-
versally closed”. Formulate an analogue of this definition in 3. The
following steps may be of use.

— Reformulate the condition that a map of topological spaces is closed
in terms of neighbourhoods. Namely, a map f: X — Y is closed iff

every system U, 3 x of neighbourhoods there exist a system V, >y
of neighbourhoods such that f~1(V,) c (U U,, ie.
fx)=y
o f(z') €V, implies that 2’ € U, for some x such that f(z) =1y

— Reformulate the tube lemma in a similar manner.

— Rewrite the above in terms of the simplicial neighbourhoods fr :
X — Y.

— Do the same for metric spaces.

— Ponder the syntactic similarity of the reformulations above to the
characterisation of non-forking in terms of indiscernible sequences
[Tent-Ziegler, 7.1.5] and to Definition [4.6.2.2of neighbourhood struc-
ture of the mapping space.

Question 4.11.2.6. — Find a compact proper definition of compact
spaces and proper maps. Note that you probably want the following to
be examples of compact spaces: (i) function spaces in §4.11.5|coming from
the Arzela-Ascoli theorems (ii) Stone spaces of indiscernible sequences in

a model in §5.2.0.8]

4.11.3. Convergence of sequences of functions. — Here we reformulate
various notions of uniform convergence of a family of functions as saying
that a morphism in 32 is well-defined.

Let {N} denote the trivial filter on N with a unique neighbourhood N
itself, and N, finie denote the filter of cofinite subsets of N.

A sequence ( f;)en of functions f; : X — M from a topological space X
to a metric space M is equicontinuous if either of the following equivalent
conditions holds:

— for every x € X and ¢ > 0, there exists a neighbourhood U of x such
that dy (fi(z'), fi(z)) <e forallie N and 2/ e U

— the map X x {N}const — May, (x,1) —> f;(z) is well-defined

— the map X x (Neofinite )const —> Mem, (x,7) — fi(z) is well-defined

— the map X x {N}giag —> Moy, (z,1) — f;(z) is well-defined
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— the map X x (Neofinite)diag —> Mem, (x,7) — fi(x) is well-defined

If X=(X,dx) is also a metric space, replacing X by Xy above
gives us the notion of being uniformly equicontinuous. The family f; is
uniformly equicontinuous iff either of the following equivalent conditions

holds:

— for every € > 0 there exists a § > 0 such that dy (f;(x'), f;(z)) < € for
all i€ N and 2/, 2 € X with dx(z,2") <6

— the map Xag x {N}consy —> Meq, (x,i) — f;(z) is well-defined

— the map Xogx(Neofinite)const —> Mem, (x,1) — f;(x) is well-defined

— the map Xag x {N}gipg — Meq, (z,7) — fi(x) is well-defined

— the map Xy x (Neo finite )diag —> Men,, (z,1) —> f;(z) is well-defined

Replacing diag by cart gives us the notion of uniformly Cauchy. The

family f; is uniformly Cauchy iff either of the following equivalent condi-
tions holds:

— for every € > 0 there exists a d > 0 and N > 0 such that dy (f;(z'), f;(z)) <e
for all i,5 > N and 2/, z € X with dx(z,2") <.
— the map Xag x {N}coy —> May, (z,7) — fi(x) is well-defined
— the map Xag x (Neo finite )cart —> Meq, (2,1) —> fi(x) is well-defined
An equicontinuous family f; converges to a function f, iff either of the
following equivalent conditions holds:

— for every € >0 and x € X there exists a 6 >0 and N > 0 such that

dy (feo(2"), fi(2')) <€ for all i > N and z € X with dy (z,2") < 0.
— the following is a well-defined diagram:

XT[+1] x (Ncofinite)diag """"" » MC"?_[+1]

[—1J><id [—llxid

X X (Ncofinite)diag —(f1,f2,-)> Ma’i

where the bottom morphism is (x,7) — f;(x), ¢ > 0, and the top
morphism is (zg,7) —> feo(z0) (1) — fi(z),i>0.

Moreover, the top morphism is necessarily of this form for some
function fo : X — M.

An uniformly equicontinuous family f; uniformly converges to a func-
tion fo iff either of the following equivalent conditions holds:

— for every e > 0 there exists N > 0 such that dy (f(z), f;(z)) <e for
all > N and z € X.
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— the following is a well-defined diagram:

Xeq [+1] x (Neofinite ) diag > Meag [+1]

[—IJ(xid [—llxid

Xem, X (Ncofinite)diag —(f1.f2,-)> M‘"?_

where the bottom morphism is (x,7) — f;(x), ¢ > 0, and the top
morphism is (xg,7) — feo(x0) (z,1) — fi(x), i >0.

Moreover, the top morphism is necessarily of this form for some
function fo : X — M.

A uniformly equicontinuous family f; has a subsequence which uni-
formly converges to a function f iff for some ultrafilter 4 extending the
filter Ny finite Of cofinite subsets either of the following equivalent condi-
tions holds:

— there is a sequence (i;) jen such that for every € > 0 there exists N > 0
such that dy (fe (), fi(x)) <e foralli> N and z € X.

— the following is a well-defined diagram for some ultrafilter 4 extend-
ing the filter Niofinite 0f cofinite subsets:

Xa'l[+1] x udiag ey Ma'i[+1]

[—I}/X id [- lix id

X, X (Ncofimlte)diag (f1,f2,y Meq

where the bottom morphism is (z,7) — f;(z), i > 0, and the top
morphism is (zg,7) — fe(z0) (z,1) — fi(x), 1> 0.

Moreover, the top morphism is necessarily of this form for some
function fo : X — M.

Ezxercise(todo) 4.11.3.1. — M.Dubashinsky suggested it might be pos-
sible to attempt to reformulate I'-convergence in these terms. “The
natural setting of I'-convergence are lower semicontinuous functions”
[Braides, I,p.19], and this suggests that a ['-convergent sequence of func-
tions f; : X — R something like a morphism N¢ x X — R¢ where

N, := {— - NS} and R := {— - RS} are ssets of non-decreasing (or non-

increasing?) sequences equipped with appropriate filters, or perhaps a
simplex of an appropriate Skorokhod mapping space.
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4.11.4. Arzela-Ascoli theorems as diagram chasing. — We now see that
the Arzela-Ascoli theorem can be reformulated in terms of diagram chas-
ing. The following exercise is a summary of the reformulations above.

Ezxercise 4.11.4.1. — Check that the following diagrams represent the
reformulation of the following Arzela-Ascoli theorem.

Theorem (Arzela-Ascoli). Let M be a complete metric space
and X be a compact metric space, and let f;: X — Y, 1€ N,
be a sequence of functions. Then the following are equivalent:
(i) (fi)ien has a convergent subsequence.
(i) (fi)ien is pointwise precompact and equicontinuous.
(iii) (fi)iew is pointwise precompact and uniformly equicon-
tinuous.

As diagram chasing:
— (X is compact) it holds

X"'?[+1] — X‘"‘] € ({0 < 1}cart u {0 > 1}cart — {O <~ 1}cart)1r;

or, equivalently, for each ultrafilter 4 it holds

%] _>leiag A Xﬂ)[+1] —> Xaq
— (M is complete) for each ultrafilter i it holds

g — i/L:art A M"’?[+1] —_— M‘"]
or perhaps
Mag[+1] — May € (Reog[+1] —> Rag)"

— ((fi)ien is pointwise precompact, i.e. for each point z there is a
subsequence such that (f;,(x)); converges)
for each ultrafilter 4 it holds

Xdiag[+1] ><i'[diag """"" ’ Ma’i["'l]

J |

X X (Ncofinite)diag —(fi)—= My,

where Xgiag = (Xdiscrete) o7, denotes X equipped with the filter of di-
agonals, i.e. a subset is a neighbourhood iff it contains the diagonal.
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— ((fi)ien being uniformly equicontinuous imply they converge uni-
formly)
for each ultrafilter 4l it holds

Xeg[+1] X Udiag > Mag[+1]

J |

Xa?. X (Ncofimlte)diag —(fi)— Mall

— ((fi)ien being equicontinuous imply being uniformly equicontinuous)

XT X (Ncofim'te)diag — Ma’l

J |

Xmi X (Ncofimte)diag ey M‘"L

4.11.5. Arzela-Ascoli theorems; compactness of function spaces. — Above
we saw that to give a convergent sequence of functions is the same as to
give a certain morphism in 3%, and that to take the limit of the sequence

is to “lift” this morphism along shifts X [+1] il X and M[+1] = M.

This makes various Arzela-Ascoli theorems on pre-compactness of func-
tion spaces reminiscent of base change.

TODO 4.11.5.1. — Give a category theoretic approach to various Arzela-
Ascoli theorems including the Prokhorov theorem on tightness of mea-
sures and ['-convergence.

The following exercises may be of use.

Ezxercise(todo) 4.11.5.2. — Calculate the Skorokhod mapping spaces
related to the morphisms above. Are these spaces pre-compact? com-
plete? Is the subspace of continuous functions relatively compact within
the mapping space under reasonable assumptions, i.e. is the subset

el

relatively compact, and in what precise meaning ?
Calculate the following Skorokhod mapping spaces:

— equicontinuous:
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{XT X {N}const SS% M”'i}
P
sSets
{X'r X cofzmte)const = Maq‘}
P
sSets
{XI X {N}dlag i:> Mﬂq_}

sSets
b {XT X (Ncofinite)diag ? Ma’l}
P
— uniformly equicontinuous:

{Xa'q X {N}ConSt g M‘"i}
»P
sSets
° {Xﬂq X (Ncofzmte)const P Mml}
sSets
{Xm.] X {N}d1ag ? Ma?‘}

sSets
Xaq X (Ncofmite)diag WP M“'i}
— uniformly Cauchy:

{Xaq X {N}cart SSg Matl‘}
P
sSets
° {X‘"? X (I\Icofimte)Cfﬂ“ft ? Mml}

Exercise(todo) 4.11.5.3. — In measure theory Prokhorov’s theorem
relates tightness of measures to relative compactness (and hence weak
convergence) in the space of probability measures. Reformulate the
Prokhorov’s theorem and give a uniform approach to both Prokhorov
theorem and Arzela-Ascoli theorems.

Ezercise(todo) 4.11.5.4. — Rewrite the Arzela-Ascoli theorems en-
tirely in terms of iterated orthogonals/Quillen negations, taking M2-
decompositions (i.e. (co)fibrant replacement), and, more generally, rules
for manipulating labels on morphisms.

5. Model theory
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5.1. Ramsey theory. — Let X : sSet be a simplicial set, and c :
X —s (' be a colouring of the set X24 of non-degenerate n-simplices,
i.e. an arbitrary function defined on the set of non-degenerate simplices
of X of dimension n. Call a simplex s : Xy c-homogeneous iff all its
non-degenerate faces of dimension n have the same c-colour. Let ¢(X)
be the subsset of X consisting of c-homogeneous simplices in X.

Ezxercise 5.1.0.5 (Ramsey theorem). —  — Verify that ¢(X) : sSet
is indeed a well-defined simplicial set; it is a disjoint union of subs-
sets corresponding to different c-colours.

— (Ramsey theorem) Let the set of c-colours be finite. If X : sSet has
non-degenerate simplices of arbitrarily high dimension, then so does
¢(X). In more detail, if for unboundedly many N there is a simplex

in Xy which is not a face of a simplex of lower dimension, then the
same holds for ¢(X).

— Take X :sSet to be {— — S} where S is an infinite set. Verify

Sets
that the item above is the usual statement of Ramsey theorem: for

each colouring of subsets of S of size n, there is an arbitrarily large
subset of S such that all its subsets of size n have the same colour.

TODO 5.1.0.6. — Ponder the discussion of Ramsey theory-type the-
orems in [MLGrovov], [Gromov2014].

5.2. Indiscernible sequences in model theory. — Ramsey theory
provides a basic tool in model theory known as the indiscernible se-
quences.

Definition 5.2.0.7 (L-indiscernability neighbourhood structure
on a model M)

Let M be a model in a language L, and let I< be a linear order. For a
n-ary formula ¢ of L, we say that a sequence (a;) € M! is p-homogeneous
iff

M = ¢(ai,,...;a;,) = p(aj,,...,a;,) whenever i; < iy < ... <ip, J1 <
J2 < ... < jn, and all the q;,’s are distinct, and all the a;’s are
distinct, i.e. a;, # a; and aj, # a;, whenever 1 <k <[<n

For a type m, a sequence is m-homogeneous iff it is ¢p-homogeneous for
each formula in 7. A p-neighbourhood of the diagonal in M is the subset
consisting of all the ¢-homogeneous sequences. The L-indiscernability
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filter on M is generated by the p-neighbourhoods of the diagonal, for ¢
a formula of L.

The requirement that all the a;, s are distinct, and all the a;,’s are
distinct, is needed to show that a non-decreasing map f : J — I induces
a continuous map f*: M1 — M’ of indiscernability filters.

Definition 5.2.0.8 (The Stone space of a model.)
Let M be a model in a language L, and let A ¢ M be a subset. Also
assume that M is card (A)*-saturated. Call the Stone space &M (A) =

ZM(A) of a model M with parameters A the sset nge — {n o M

where M™ = {n — M } is equipped with the L(A)-indiscernability neigh-

Sets
bourhood structure. Similarly define ¢M(A) as the Stone space of n-

tuples.

The following exercise is based on the syntactic similarity of the charac-
terisation of non-forking in terms of indiscernible sequences [Tent-Ziegler,
Lemma 7.1.5], the reformulation Exercise|4.11.2.5|of 'being a closed map’

in terms of neighbourhoods, and of Definition |4.6.2.2| of neighbourhood
structure of the mapping space.

Ezercise 5.2.0.9. — Check that the usual Stone space S1(A) is the
Hausdorff quotient of the topologisation of 3®-Stone space &M (A) when-

ever M is card (A)*-saturated.

TODO 5.2.0.10. —  — Is ¢M(A) quasi-compact? complete?

— Is the map ¢M(B) — &M (A) proper, cf. Exercise ? Is this
related to the fact that every type has a non-forking extension?

— Interpret [Tent-Ziegler, Lemma 7.1.5] as a property of neighbour-
hoods of Stone spaces, e.g. that a projection of a certain subset is
closed, cf. Exercise [4.11.2.5

— Are there are non-trivial maps ¢M(A) — &N (B) for different mod-
els M and N; what does it mean model-theoretically?

— More generally, ponder if y®-Stone spaces allow to define interesting
homological or homotopical invariants of models.

TODO 5.2.0.11. —  — Check whether a model M is stable iff 2} (A)
is symmetric for every A ¢ M, ie. ¢M(A) : A — ¢ factors as
eM(A): A°? — FiniteSets® — P
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— Are there similar characterisations of e.g. simple or NIP theories in
terms of their Stone spaces?

TODO 5.2.0.12. — Do these Stone spaces allow to express neatly the
theory of forking?

— For example, do pushforwards mentioned in [Simon, Exercise 9.12
(distality of T@)] are indeed pushforwards in 37

— Reformulate the definition [Simon, Def. 9.28] of distality in terms
of endomorphisms of y®-Stone spaces or similar objects of 3.

DEFINITION 9.28. Let I be any infinite sequence of tuples and A a base
set of parameters. We say that [ is distal over A if whenever J, a, B D A
satisfy:

- J is indiscernible and realizes the EM-type of I;

- J = J1 + (a) + Jo, where both J; and J are infinite with no endpoints;

- the sequence Ji + J5 is indiscernible over B;
then the sequence J = Ji + (a) + J2 is indiscernible over B.
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