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In this paper we give characterizations of the stable and N,-stable theories, in terms of an external property
called representation. In the sense of the representation property, the mentioned classes of first-order theories
can be regarded as “not very complicated”.
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1 Introduction
1.1 Motivation and main results

Our motivation to investigate the properties under consideration in this paper comes from the following thesis:

It is very interesting to find dividing lines and it is a fruitful approach in investigating quite general
classes of models. A “natural” dividing property “should” have equivalent internal, syntactical, and
external properties (cf. [5] for more).

Of course, we expect the natural dividing lines will have many equivalent definitions by internal and external
properties.

The class of stable complete first order theories 7 is well known (cf. [4]); it has many equivalent definitions
by “internal, syntactical” properties, such as the order property. As for external properties, one may say “for
every A > |T| for some model M of T we have S(M) has cardinality > A” is such a property (characterizing
instability). Anyhow, the property “not having many «-resplendent models” (or equivalently, having at most one
in each cardinality) is certainly such an external property (cf. [8]).

Here we deal with another external property, representability. The results are phrased below, and the full
definition appears in Definition 2.1, but first consider a simplified version. We say that a a model M is &-
representable for a class £ when there exists a structure I € € with the same universe as M such that for any n and
two sequences of length n from M, if they realize the same quantifier free type in I then they realize the same (first
order) type in M. Of course, T is -representable if every model of T is E-representable. We prove, e.g., that T is
stable iff it is € -representable for some k where £~ is the class of structures with exactly « unary functions
(and nothing else).

The main results presented in this paper are:

¢ Characterization of stable theories (Theorem 3.1): For a complete first-order theory 7', the following
conditions are equivalent:

1. T is stable.
2. T is representable in Ex"»,ﬁ_m (€°9) (cf. Definitions 2.1 & 2.10).

3. Forsome cardinals i1, k1, it2, k2, itholds that T is representable in Ex,lu » (Exizqkz (€9)) (cf. Definition
2.11).
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4. T is representable in EX?U( (€°9) for some cardinals u, « (cf. Definition 2.8).
5. T is representable in Exgﬂ| (ee9).

® Characterization of X(-stable theories (Theorem 4.1): For a complete first-order theory 7', the following
conditions are equivalent:

1. T is R¥p-stable.
2. T is representable in Exio,NU (€9).

3. T is representable in Exy ,(£).
4. T is representable in Exg‘ol,fz(keq) (cf. Definition 2.9)

In the attempt to extend the framework of representation it seemed natural, initially, to conjecture that if we
consider representation over linear orders rather than over sets, we could find an analogous characterizations for
dependent theories. However, such characterizations would imply strong theorems on existence of indiscernible
sequences. Lately (cf. [2]), some dependent theories were discovered for which it is provably “quite hard to find
indiscernible subsequences”, implying that this conjecture would fail in its original formulation.

Nevertheless, this raises various further questions:

1. Can we characterize by representability the property “T is strongly dependent”, and similarly for the various
relatives (cf. [6])?

2. For a natural number n, what is the class of theories representable by the class £ of structures with just
k n-place functions (or relations)?

The characterization of the superstable case will be treated in [7].

1.2 Set-theoretic Preliminaries

We use the greek letters u, «, A for cardinal numbers. The letter 7' will be used to denote a first-order theory;
&7 is a monster model for it. The set-theoretic facts that are used in this article are stated here for the sake of
completeness. We also prove the special version of the A-system lemma that is used later.

Theorem 1.1 (Fodor) Let A a regular uncountable cardinal, f : A — X\ such that f(a) < a forall0 < a < A,
Then {oe <A:fla)= ﬂ} is a stationary set of A for some B < A (cf. [1]).

Corollary 1.2 If f : A — w, A > w regular, then f~'({a}) is a stationary set of A for some a < .
Theorem 1.3 Let A be a regular cardinal, |W| = A,|S;| < u (fort € W) suchthat x < » — x~* < . Then:

1. (The A-system lemma) There exist W C W, |W'| = A and S such thats %t — S, NSy = S holds for all
s,t eWwW'.
2. If 7, = (2% : a < at)) enumerates S, fort € W, then we can add:
(a) t € W = a(t) = ag holds for some wy.
(b) For some U C ag it holds thats #t € W = 7,|U =z,|U, U = {a <oap:zy =2¢.
(c) For some equivalence relation E on ay it holds thatt € W' = 7 = Zf < (o, B) € E.

Proof. For(l),cf.[1,4]. Letusprove (2): The mapt — «(¢) fulfills the assumptions of Theorem 1.1 («(z) <
@ < 1), therefore (a) holds for some Wy € W. By part 1 there exist § € {z% : & < arg, 1 € Wo}, W; € W, of
cardinality A, such that S = S, N S; for all ¢ # 5. Define a map W; >t — U, where: U, = {Ol <op:z € S},
Since the range has cardinality 2/%! < 2<# < A this map also fulfills the assumptions of Theorem 1.1, and we get
that for some W, € W, of cardinality A and U it holds that t € W, — U, = U. The range of the map t — z,[U
is US whose cardinality is < |a|'*! < A, and by another use of Theorem 1.1 we get W3 € W, of cardinality A
such that (b) holds. The map t — E, where E, = i(oz, B):z¢ =z a. B < ao} has cardinality at most ||/

and again by Theorem 1.1 the result holds for some E and W’ C Wj of cardinality A, now W’ is as required. [J
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1.3 Model-theoretic and Stability-theoretic preliminaries

This subsection is organized in three parts: general, stable and Ry-stable theories.

General

For the rest of this paper, T is assumed to be a complete first-order theory. By EC(T), we denote the elementary
class of T, i.e., the class of all models satisfying T. By EC, (T'), we denote the class of models of cardinality A
satisfying 7. We will use the name “structure” for any triple consisting of a set (the structure’s universe or domain),
a vocabulary (i.e., function symbols and relation symbols with prescribed arities), and an interpretation relation.
Structures will be denoted by I, J and their domains by 7, J, respectively. The word “model” will only be used for
the elements of EC(7'). Models will be denoted by M, N and their domains by |M|, |N|, respectively. The fraktur
letter ¢ will denote a class of structures in a fixed vocabulary 7. For a model M and set A C |M|, S" (A, M)
denotes all the complete m-types in M over A. If M = &7, we may omit it.

Although any model is a structure, we shall use the words “structure” and “model” carefully since in this paper
we use structures to analyse models of the theory 7. Usually we will deal with quantifier-free properties of the
structures, but with general first-order properties of the models.

Definition 1.4 Foraset A C €7, we let FE(A) denote the set of formulas ¢(x, y, @) such that T = “¢p(x, y, a)
is an equivalence relation with finitely many classes”.

The formula ¢ (x, @) divides over a set A iff there exists a sequence (@, : n < w) suchthattp(a,, A) = tp(a, A)
for all n < w, but there exists an m < w such that = —3x A\,_, ¢(x,a,) holds for all w € [w]". The type
p(X) forks over A if there exist formulas ¢;(X,a;) (i < n), such that for all i < n, ¢; divides over A and
p(x) FV/,_, »i(x,a;). We say that a formula ¢(x, ¢) (with parameters from <) is almost over A C € iff for some
E(x,y) e FE(A) and some d; € € (i <n)itholdsthat T = E(x,d;) <> ¢(x,¢). A formula is over A C Ciff it
is equivalent in 7' to a formula with parameters taken only from A.

Theorem 1.5 (Forking is preserved under elementary maps) If p(X) forks over A, and f is an elementary map
in M, dom(f) 2 dom(p) U A, then f(p) forks over f(A) (cf. [4, IL.1.5]).

Theorem 1.6 (cf. [4, 111.2.2(2)]) There are (up to logical equivalence mod T ) at most |T| + |A| formulas
almost over A.

Stable theories

A theory T is called «-stable iff |[S" (A, M)| < k forevery M |=T,set A C M, |A| < k and m < w. The theory
T is called stable if T is k-stable for some «.

Theorem 1.7 (The order property) A theory T is unstable if and only if there exist a formula o(x,y) and a
sequence (a, : n < w) such that = ¢(a;, Ej)‘t("<j) holds forall i, j < w (cf. [4, 11.2.13]).

For the rest of this subsection, 7 is assumed to be stable.

Theorem 1.8 (Type definability in stable theories) For every formula ©(X,y) there exists another formula
Y, (¥, 2) satisfying for every A C €, |A| > 2 and b € € that there exists ¢ € A such that for everya € A

Fo(.a) & Fv,@.c).
(Put differently, for any b the (¢, A)-type of b is (Y, A)-definable; cf. [4, 11.2.2].)

Theorem 1.9 For stable T and distinct types p, q € S(B) non-forking over A C B, there exists E € FE(A)
such that

p(x)Uq(y) = —E(x,y)
(cf. [4, I11.2.9(2)]).
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We let «(T) be the first cardinal such that for any model M = T, any increasing sequence of sets
(A; € |M|:i <«k) and any type p(x) € S"(A,) there is some i < k such that p[A;.; does not fork over
A; (cf. also [4, III, Definition 3.1]).

Theorem 1.10 Assuming that T is stable, then « (T) < |T|* and for every B C |M| and every type p(x) €
S™(B), there exists A C B with |A| < «(T) such that p does not fork over A (cf. [4, 11, Corollaries 3.2 & 3.3]).

Lemma 1.11 Suppose AC M =T, anda € M. There exists B C A, |B| < |T'| such that for every ¢ € A and
¢(x, €) almost over B there exists ¥ (X, d) over B such that

M =Vx(9(x,d) < ¢(X,7)),
and tp(a, A, M) does not fork over B.

Proof. First, define an increasing sequence B, by induction on n. Let |By| < «(T) < |T|*, By € A such
that tp(a, A) does not fork over By. Now assume B, was defined and let

Sy :={(x,¢) € L1 : ¢ C A, ¢(X, ) is almost over B, }

By Theorem 1.6 there exist at most |T'| + | B,,| = |T | non equivalent formulas almost over B,. Therefore, without
loss of generality, |S,| < |T'| and define B, as follows:

B,y =B, U{c:p(x,0) € S,}

That the required properties of B := | J _. B, hold is easily verified.

n<w

R(-Stable theories
For the rest of this subsection, T is assumed to be R(-stable.

Theorem 1.12 Let p € S(A). For a given B D A there are only finitely many non-forking extensions of p in
S(B) (cf. [4, TII).

Corollary 1.13 For p € S(A) there exists a finite B C A such that p is the unique non-forking extension of
p|B to S(A).

Proof. By Theorem 1.12 there are finitely many non-forking extensions of p|B in S(A), therefore there
exists a finite By € A such that go[ By # g1 | Bo holds for every distinct go, g1 € S(A) non-forking extensions of
p. Also p does not fork over some finite B; € A. Now, the conclusion easily follows for B = By U B . O

Theorem 1.14 A formula ¢(X, ) is equivalent to a formula over B if and only if (x, f(¢)) = ¢(X, ¢) holds
for every f € Aut(C/B) (cf. [4, I.2.3(2)]).

2 Structure classes and representation

We start with a number of conventions:

The vocabulary is a set of individual constants, (partial) function symbols and finitary and relation symbols
(=predicates) with fixed arity; e.g., for a function symbol F, arity_ (F) is the number of places of the symbol F'.
Individual constants may be considered as O-place function symbols; here, function symbols are interpreted as
partial functions.

A structure I = (7, I, =) is a triple of vocabulary, universe (domain) and the interpretation relation for the
vocabulary: let |I| = I, ||I|| the cardinality of I and 7y = 7; L is called a t-structure. By €, we denote a class of
structures in a given vocabulary t.

By [’Zlf’ we denote the set of quantifier-free formulas with terms from 7. That is, finite Boolean combinations
of atomic formulas, where atomic formulas (for ) have the form P(oy, ..., 0,-1) or oy = o for some n-ary
predicate P € 1, 0y, ... are terms in the closure of the variable by function (and partial function) symbols.

If A is a set of formulas in the vocabulary 7, I a t-structure, a = (a; : i < «) €“|1|, then

(@ B.1) = [¢(5.5) : p(%.7) € A, 1= (@ B), b "B}

www.mlq-journal.org © 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



144 S. Shelah and M. Cohen: Stable theories and representation over sets

2.1 Defining representations

We now reach the central definitions:

Definition 2.1 Consider a structure I and a set of formulas A C L (they are either as in the conventions at the
beginning of this section or just first order).
For a structure J, a function f : |I| — |J| is called a A-representation of Iin J iff

0y (f(@). 2. 3) = oy (f(6), 2.3) = tps(@ 2.1) = tps (b, 2, 1)

for any two sequences @, b € <“I of equal length.

We say that I is A-represented in a class of models € if there exists a J € € such that I is A-represented in J.
For two classes of structures €y, £ we say that €, is A-represented in t if every I € &) is A-represented in £. We say
that a first-order theory T is A-represented in € if EC(T) is A-represented in €. We may omit A from the notation
for the set of first order formulas or use gf for the set of quantifier-free formulas.

For a sequence 5 we use the shorthand a5 :=ay, ™ ... 7 g, -

For a structure I, A € L and sequences a, (¢ € I) from € we say thata = (a, : t € I) is a A-indiscernible
sequence over Ain M if tp, (ar, A, M) = tp, (a5, A, M) holds for all 5, 7 C I with the same quantifier-free type
in L. (This definition also appears in [9] and [3, II].) For a class of structures ¢, M |= T and subset A C |M| we
denote by Inda (8, A, M) the class of structures a = (a, : t € I) (I € ¢, a, C |M|) which are A-indiscernible in
M over A C |M|. We omit the respective symbol from the above notation in the specific cases A = L(ty ), M = €
and A = &.

Finally, by £°4 we denote the class of structures of the vocabulary {=]}.

2.2 The free algebras M, ,

Definition 2.2 For a given structure I, we define the structure M, ,(I) as the structure whose vocabulary
is qU((Fyp:a < u, B <), with a B-ary function symbol F, g for all & < u, 8 < «. The vocabulary of I
includes a unary relation symbol / for the structure’s universe, and we will assume Fy g ¢ 11.

We now define a structure M, . . (I) by recursion:

1. M/L,K,O(I) = |I|’
2. forlimit ¢, M, o (I) = Ue ., M6 (I); and
3. for¢ =y +1,

Mpee@) =M, DU {Fa,ﬁ@) ‘b e ﬁM,L,K,y(I), a<u, B< K}

where F, g(b) is treated as a formal object. Then the universe for the structure I is

Mu.K(I) = U M/LK,V(I)'
y€O0rd
By Remark 2.3 below, M, ,(I) is a set and not a proper class. The symbols in 71 have the same interpretation
as in I In particular, o-ary functions may be interpreted as (« + 1)-ary relations. The S-ary function Fy g(X) is
interpreted as the mapping @ > F, g(a) for alla €#|M,, . (I)|, where F, 4(a) on the right side of the mapping
is the formal object. If © = ¥k = Ry we may omit them from the notation.
We denote

reetc) = |

for every cardinal «.

Kk k = cfk,
k™t otherwise,

Remark 2.3 Sincereg(x) > « isregular, forall 8 < « and sequences of terms 0; (¢;) € M, reg(c) (i < B) there
exists y < reg(«) such that o;(c;) € M, for all i < B. Therefore F, ({(0;(c;) :i < B)) € Myi1 S My reg(c)s
hence M, «(S) = M, cree(x) (S) and particularly M, . (S) is a set (though defined as a class).
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We observe that | M, (S)| < (1 + [S])=™ (). We can prove by induction on y < reg() that | M, | <
(M 4 |S|)<rcg(/()'
For a sequence @ € M, ,(S) we define its closure under subterms as the set cl(@) defined by induction on

the construction of the term and the sequence length as cl(@) := @ fora C S.If lh(a) = 1 and ay = F, g(b) then
cl(@) :={ao} U {cl(b;) : i < B}. Otherwise, cl(a) := |J {cl(a;) : i <Ih(a)}.

Observation 2.4 For any set S and sequence a C (M, (S)) of length < reg(k), the closure of @ under
subterms has cardinality less than reg(k).

Remark 2.5 If A is regular, A > « then for every set S and sequence @ € <*(M,, . (S)) there exist a subset

S" C S of cardinality x < A and aterm o (b) € M, (S’) such thata = & (D).
Definition 2.6 Denote ¥, , := (reg(x) + u)<"¢). (In particular, &, , = [ M, . (I)| for ||| = reg(x).)

Definition 2.7 Consider a free algebra M(S). We shall say that a set A of ty-terms is a minimal system of
terms for M if for every term o (v) € M(S) there exists a single o’(x) € A such that for some # € S without
repetitions it holds that o (v) = o’/ (u).

It follows from the Axiom of Choice that every free algebra has a minimal system of terms.

2.3 Extensions of classes of structures

For a class of structures £, we define several classes of structures that are based on £.

Definition 2.8 We let Exﬁ’K (€) be the class of structures I which, for some I € £ satisfy |I7| = |I|; 1+ =
qU{Pyta <uluU {Fﬁ 1B < /c} for new unary relation symbols P, and new unary function symbols Fg; if

> 0 then (Pof+ Do < ) is a partition of |I|; and (ng+ : B < k) are partial unary functions.

Definition 2.9 We let Ex%},ﬁ(é) be the class of structures in Exﬁﬁk({%) for which the closure of every element
under the new functions is finite. (Here, “If” stands for “locally finite”.)

Definition 2.10 We let ExLYK({%) be the class of structures in ExglK({?) for which Fg(Py) € P :=U,_, Py
holds for every @ < u, B < k.

Definition 2.11 We let Ex, , (€) be the class of structures of the form It = M, (I), for some I € £ (cf.
Definition 2.2).

In the following, we use the convention that Ex,, , will be one of the above classes.

2.4 Some properties of representation and extension classes

Let us note several properties of representations:

Observation 2.12 Let 1y, I, I3 be structures. If f : I} — 1, is a A-representation of Iy inly and g : I, — I3
is an ﬁ?zf-representalion of L inIs, then g o f is a A-representation of 1 in Is.

Observation 2.13 We have that Ex%},f (¢) and EXL’K (8) are included in Ex?m ().

Observation 2.14 For « finite, we have that Exz”lﬁ (®>2 EXL' L (B).

Proof. Letle Ex}M(E) and fix a € |I|. Consider the tree formed by finite sequences 7j € ~“[«]| for
which (F,, , o...0 F,)(a) is well-defined (i.e., (F,, o...0 F,,)(a) € dom(F,,,,) for every s < £ — 1, where
¢ = 1h(77)). Now, since it holds that F(P,) € P, forany 8 < «, @ < u, and by the well-ordering of the ordinals
each branch of this tree is finite. K&nig’s Lemma implies that the tree is finite, and since there is a map from the

tree onto the closure of a under the functions, we see that I is actually locally finite. O

For any cardinals p and «, € is qf-representable in all the extension classes of £ defined above. The classes
EX,1, 4+ 0.+, (€) and Ex,,, o, (BX,, , (€)) are qf-representable in each other (for Ex = Ex”, Ex*'", Ex', or Ex?).
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Observation 2.15 If py < p1, ko <k then Ex,, «, () is gf-representable in Ex,, . (¥) (for Ex =
Ex?, Ex!f, Ex!, or Ex?).

Observation 2.16 For any i, (2, k2, k1 > Rg, the class Exiz.Kz(EX/ltl.Kl (8)) is gf-representable in
Ex! (Ex} _(¢)).

1K1 H2,K2

Proof. Note that ExL1 .« (+) expands each structure of the class € by preserving the structure and enriching it
with a partition and partial functions between classes of the partition (particularly such that the order of the classes
is preserved). On the other hand, Ex>_,_(-) extends the structure by adding formal terms. Now, consider structures

H2,K2
LetI" €Bx) (), 1" €BEx, , (Ex) . (£)),suchthat I is formed from I'* which is formed from I in the

K1,k
obvious way, using the extension classes we defined. In order to show that It is gf-representable in the latter

class, we extend I'" to a new structure I* by defining the partition P, as follows: we will take the partition {P,}
(of |I"| only) and extend it to a partition of [I**|. Define (as sets) P, = P,_; forall 2 <n < w, P, = P, for
all o < «, and Pj = |[I""|\|I"]. Note that we did not extend the domain of the structure, nor have we changed
any of the partial or full functions. It should be clear that the identity map I — I* is a gf-representation as
required. U

Observation 2.17 The class Exj. . (¢) is qf-representable in Ex (€9).

Proof. Let (I, (Py:a <2“),(Fg: B < «k)) be the vocabulary of I'". Without loss of generality |Pg+| >2
(every model such that |Pg+| = 1 can be represented in such a model). We select two distinct #y, t; € P(}+ and let
h : 2 — P(k) a bijection. Consider the structure I' = (I, (Fg : B < k), (Gp : B < «)) whose universe is [IT],
Fg = FE and also define forall y < k, x € P1",

r 1 h(B),
Gplx) = {ff Y & hp).

Here, I means that Py € 7y and POI/ = [.Itis easy to verify that the identity is a E?f -representation of I inT'. O

Observation 2.18 The class Exi’&o (€°9) is gf-representable in EX}L’Z(E"‘*) Sor u > Ry (infact, it is representable
by a structure with only two unary functions).

Proof. Consider a structure from Exi,xo(éeq). By the definition, we may assume that the struc-
ture is M, x,(S) for some S € 4. Let (0,(Xy) : @ < u) be a minimal system of terms of M, x,(S) (cf.
Definition 2.7,  is the upper bound on function symbol arities, p is the number of functions). Without loss of gener-
ality, Ih(Xo) = 1, o9(x0) = xo. We now construct a structure I whose vocabulary is (I, fiast, fheads (Pp : B < 1))
and whose universe is

II+={(a,i,s0,...,s,-):a<pL, i < lh(xy), so,...,sieS}

Let {{(ag, ig) : B < u) enumerate the pairs {((x, i<, i< lh(fa)} in increasing lexicographic order. Let
P{ be the set of sequences in [I*| whose head is (a4, ig), and let

Y ey s, ... s0) := (0,0, )

foaa((et iy 0, 51)) o= (i — 1,50, ..., 5i21) (i > 0)

we define a map h: M, ,(S) = [I7| by h(oy(v)) = (o, Ih(Xs) — 1, vo, ..., Uin(z,)—1). That h is a qf-
representation of M, x,(S) in I' is easy to verify. O

We say that a function f with domain and range contained in a structure I is a partial automorphism when for
every sequence @ € |I| of members of dom( f), it holds that tp¢(a, @, I) = tp(f(a), @, I).

3 Stable theories

The central result for this section is the following theorem:

Theorem 3.1 Let T be a complete first-order theory. Then the following conditions are equivalent:
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T is stable.
T is representable in EX(IHT| (€9) (cf. Definitions 2.1 & 2.10).

T is representable in EX"T|+_|T‘ (€9).
T is representable in Exé‘v,-‘_"Tl({?eq).

SR NN

. For some cardinals |41, k1, U2, k2, it holds that T is representable in Ex/{“w1 (Exiz’,{z({%cq)) (cf. Definition
2.11).
. T is representable in Exzﬁ,((?eq) for some cardinals ., k (cf. Definition 2.8).

=)

7. T is representable in Exgym(keq).
We can add to the above list of equivalences the following:

5. For some ju1, k1, it2, k2, and A > (1 + [T])=" + (2 4 |T]) =, it holds that EC; (T is representable in
Exu i (BXG ()

This is a better condition, as it is a condition only on one EC; (T'); similar modifications can be done for 2., 3.,
4.,6.,0r7.

Proof. Theorem 3.11 below proves 1.=3. Observation 2.15 implies 2.=3.=4. immediately. Similarly,
4.=5. and 7.=6. are immediate by properties of representations. 5.=> 1. follows from Theorem 3.3. 4.=2. follows
from Observations 2.12 & 2.17. So far we have equivalence of conditions 1. to 5.. Now, 2.=7. is immediate since
Exg,m (€9 2 EX(IMT| (£°9). We leave 6.= 1. without a complete proof, since it is very similar to 5.=1.

3.1 Stability of representable theories

We shall first prove the first direction of the main theorem. Namely, that a theory which is representable in
EXIZIZ_K2 (Exllll_,(1 (€°9)) is stable. The method relies on the combinatorial properties of models of stable theories,
particularly that all order indiscernibles are indiscernible sets.

Theorem 3.2 Assume that

T is representable in Exiw2 (Ex;lu,/q (€9)), for fixed cardinals 1, W2, k1, k25
= reg(ia) + s

A > w4V, + ki is a regular cardinal (cf. Definition 2.6); and

A > x~* for all cardinals x < A.

Kb~

Then, for every sequence b = (b, : a < A) C <"[Cr] of length < w there exists S € [A]* such that (b, : a € S)
is an indiscernible set.

Proof. Let M =T such that b, € <#|M| for all o <A and assume that f:M — It :=
(Mo (1), Pos Fpg)a<piy p<x, is a representation, I = J,_, Po where (P, :a < 1) is a partition of 1, Fy :

P, — Uyw P, (So, dom(Fg) = I)andleta, = f(b,) foralla < A.
Without loss of generality, we can add the following assumptions

(a) Each a, is closed under subterms in M, .,(I). (Since i > «; is regular, we can apply Observation 2.4
for (u, k2).)

(b) Theset { Fg: B < } is closed under composition. (Including the empty composition which is the identity;
recall that those are unary functions.)

(c) Eacha, is closed under the partial functions Fg. (To find the closure of @, under the functions we need to
add at most y; elements, so the closure of a,, is < u.)

(d) Th(a@,) =& =|§] for all @ < A (Since » =J,_, {o <1 :& =1h(a,)} and A > p is regular, and by
reordering.)
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The rest of the proof is by taking subsequences of the original sequence, while preserving the length X, as follows
(in brackets we note the common property of the desired subsequence):
First subsequence (sequences constructed by the same terms): By Remark 2.5, for each i < &, @ < A there
exist terms o, ;(Xy,;) in the language of M, ., and sequences 7,; € <reg(2) I such that a; = 0,.;(4.), and
also | U {¥a.iaxni<e } | < reg(iy). Since A > [0, .4,]° is regular, there exist (07 (X;) 1 i < &), So € [A]* such that
(00.i(Xgi) i < &) =(oi(x;):i < &) foralla € Sp.
Second subsequence (the quantifier free type of @, relative to the P,): since (k;)* < A , there exists a S; € [So]*
such that the function o —~ {(l ,B) €& XKy a(’;( € P,g} is constant on S; (denote this constant as the relation R;).
Third subsequence (the quantifier free type of a, relative to the F,): since £ < &</ < A, there exists a
S, € [S1]* such that the functiona > {(B, o, ¢1) = {0, &1 < &, B < w1, Fg(al?) = af'} is constant on S, (denote
this constant as the relation R»).

Final subsequence: By the A-system lemma (Theorem 1.3(2)), there exist S5 € [Sz]k, UCE, ECE xé&such
that

(@) ay|U =ag|U forall o, B € S3;
(b) E is an equivalence relation such that for all ¢ € S5: a,i =al (i, j) € E,;
(©) a,=ay—i,jeUforalla #p € Ss.

We now show that for any finite #, v € S5 of length £ without repetition, it holds that ay and ay have the same
quantifier-free type in I'".

Let ¢(X¢x¢) an atomic formula. By symmetry, it suffices to show that ¢ (az) — ¢(ay).

Case 1: ¢(Xoxe) = “01(Xexe) = 02(Xexe)”. The proof is carried by induction on the complexity of the term o7.

For 01 (Xx¢) = Fu (07 (Xexe)) it follows from properties of the free algebra that for some sequence of terms
05 (Xexe) it holds that 02 (X¢xg) = Fu.p(05(Xexe)) and also o', (az) = o5 (az) for all i < . The induction
hypothesis implies that o', (a@y) = 05, (a7) and thus oy (ay) = 02 (@) as required.

For 01 (Xexs) = Fur (07 (Xexe)), the validity of ¢(ax) implies that 02 (@z) = 01(az) € I. Itis easy to verify (by
induction on the complexity of the term) that the terms o, (s = 1, 2) contains only symbols from X ¢, F, (since
dom(F,) C I). Now, for a finite sequence of ordinals @, denote Fz := F,,0...0 Fopz s (Fy is the identity). It
is easy to verify that the term o, (X, ¢ ) takes the form Fg, (x;, ., ) for some sequence @. And the formula ¢ can be
rewritten as Fg, (X;,.¢,) = Fa,(Xi,.,)-

Since the family (F, : « < p) is closed under composition (cf. above), there exists a §; < w; such that Fz, =
Fg . The sequences a,, are closed under (F, : @ < 1), hence for some ¢ < & it holds that Fg (ay, ;) = Qu, ;-
and ay, ¢ = ay,, ;. The former implies (B, ¢, £) € R and the latter implies that £ ", £ € U and (¢, &) € E.
Now, since @, [U = @, U it follows that Fg (ay, ) = ay, ¢+ and ay, ¢ = ay,, ¢, s0 easily = ¢(ay).

Case 2: ¢(X;xg) = Py(0(Xexe)). That = @(ay) implies that o (Xyxs) = Fz(x; ) for somei < £,¢ < &. Now
by the closure of the functions under composition, the formula is equivalent to Py (Fg(x;)). And for some ¢*
we get that Fg(ay, ;) = au, ¢+ and Py(ay, ) implying (8, ¢, ¢*) € R, and (a, {*) € Ry, respectively. Similar
arguments give = ¢(ay).

Theorem 3.3 If T is representable in Ex’, . (Ex!

H2,K2 1,K1

(€9)), then T is stable.

Proof. Assume towards contradiction that 7 is unstable. By the order property (Theorem 1.7), and
compactness, we can construct a sequence (a; : i < A), where

A= :Z(M + 7-9;},2,1(2 + Kl)+9 n = reg(Kz) + MT

such that |= ¢(a;, @;)'</) holds for all i, j < A.
. . + . . 2 1 . . .
Now by the assumptions let f : M — I' be arepresentation of M in Ex;,, . (Ex,, . (£)).Itis easily verified
that the conditions in Theorem 3.2 hold. Hence, there exists S € [)»]A such that {a; : i € S} is an indiscernible set

and particularly = ¢(a;,a;) <> ¢(a;, a;) holds for all i, j € S, contradicting the assumption. O
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3.2 Stability implies representability

Here we turn to proving the other direction of the main result. We recall several facts about stable theories (from
[4, 1T & IIT]).

Theorem 3.4 If p(x) forks over Aand B C A, q b p then q forks over B (monotonicity of forking). Moreover,
for a stable T, tp(a, AU E) does not fork over A ifftp(b, A U a) does not fork over A (symmetry); and for sets
A C B C C such that tp(a, C) does not fork over B, and tp(a, B) does not fork over A it holds that tp(a, C)
does not fork over A (transitivity). Finally, a type p forks over A iff it divides over A (equivalence of forking and
dividing).

Definition 3.5 A set C C € will be called strongly independent over A if for any a € C, the type tp(a, AU
(C\ {a})) is the unique extension in S(A U (C\ {a})) of tp(a, A) which does not fork over A.

Definition 3.6 We say that a sequence (Z,, : o < y) (where Z, # & and o < y) is a strongly independent
decomposition of M of length y if for all @ < y, it holds that Z, is strongly independent over Z_, (in M), and
that |[M| =Z_,, where Z_, = U/s<a I, of course.

Lemma 3.7 (Symmetry of strong independence) Let a;, a, € €, A 2 By, By such that tp(a;, A U {as3_;}) does
not fork over B; and tp(a;, A) is the unique non-forking extension of tp(a;, B;) in S(A) for i = 1,2. Then
(%)1 & ()2, where:

The type tp(a;, B;) has a unique extension to A U {a3_;} which is non-forking. ()i

Proof. Bysymmetry itsuffices to show that —=(x), = —(*);. Assume that p := tp(a,, B,) has two different
non-forking extensions py, p» € S(A U {a,}). Since both types are complete, there exists a formulag = ¢(x, a1, )
with ¢ € A such that ¢ € p;, —¢p € p,. Let by, b, realize p;, p», respectively.

So, tp(b;, A) = p;[A is a non-forking extension of p, by uniqueness it follows that p;[A = p,[A. Hence, for
i < 2 there exist elementary maps F; in € such that F;[A = ids, F;(b;) = a,.

Let g; € S(A U {b;}) be a non-forking extension of tp(a;, B;). Then F;(g;) € S(A U {a,}) is a non-forking
extension of tp(ay, By) (since F;[A = id,, and non-forking is preserved under elementary maps).

Now, note that = ¢(by, ai, ¢) A —¢(ba, a1, ¢) which implies ¢ (a2, x,¢) € Fi(g1) and also —¢(az, x,C) €
F>(q2). This implies that Fy(q;), F>(q>) are distinct extensions of tp(a;, B;), as needed. O

An order-preserving refinement is a partition (7, : @ < y’) which refines (Z, : @ < y) such that for all
a<pB<y,ifa,f <y',Zy 2 JyandIg D Jp, theno' < .

Proposition 3.8 If (Z, : @ < y) is a strongly independent decomposition of M, then every order-preserving
refinement of this partition is also a strongly independent decomposition of M.

Proof. Use the basic properties of non-forking. g

Theorem 3.9 Assume T is stable, and let A C B such that for every formula ¢ over B which is almost over
A, @ is equivalent (in T) to a formula over A. If p, q € S(B) are distinct and non-forking over A, there exists a
@«(x,C) over A such that p & ¢, and g = —g..

Proof. ByTheorem 1.9, there exists an equivalence relation E € FE(A) suchthat p(x) Ug(y) - —E(x, y).
Let {b[ 1< n(E)} C ¢ enumerate representatives for all the distinct equivalence classes of E and let

w:={i <n(E): p(x) U{E(x,b;)} is consistent} .

Without loss of generality, assume that b; realizes p for all i € w. Let ¢(x) :=\/,_, E(x, b;). It can be easily
verified that p(x) F ¢(x) and similarly, ¢ (x) = —¢(x). We will show that ¢(x) is preserved by every f €
Aut(¢/B):

Since p is over B and E is a formula over B, they are preserved by f and so, we have:

L p(x)U{E(x,b;)} & p(x) U{E(x, f(b;))} holds for alli < n(E).
2. —E(b;, bj) holds for every i, j < n(E) withi # j and hence also —E(f(b;), f(b;)).
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Hence, f can be regarded as a permutation on {b; /E : i € w}, the equivalence classes of E in &, and therefore

= r(\Jbi/E) = £(bi)/E = 0(€).

icw icw
Consequently, = ¢(x) = f(¢(x)). Now use Theorem 1.14, which gives the required equivalent formula. O

Lemma 3.10 Let u = |T|". For a stable T, for each model M =T there exists a strongly independent
decomposition of length y < u.

Since our definition of a decomposition does not allow empty sets, we use ordinals y < . Such a decomposition
is trivial for |M|| < u (e.g., by taking an enumeration of |M| and converting to singletons).

Proof. We choose by induction a sequence (Z, : « < w) such that Z,, is strongly independent over Z_,,, and
is also maximal in |M|\Z_, with respect to this property for every o < w. Indeed this process may end within at
most 4 steps, so we define y = min({a < u : Z, = @} U {u}).

Assume towards contradiction that the elements of M were not exhausted after w iterations, then there exists
an a € M\Z_,,. Recall that for a stable theory « (7)) < u (cf. [4, II1.3.2 & TI1.3.3]) and so, by the definition of
Kk (T') there exists a set B € Z.,, with |B| < «(T) < u such that p(x) := tp(a, Z-,,) is non-forking over B, and
by regularity of y there exists ag(*) < u such that Z_,(,) 2 B. Now, recalling Theorem 1.6, let

r:= {(p(x;E) : ¢(x,c) almost over B, ¢(x;y) e L, ¢ ) I<u} ,

and choose I', € I a minimal set of representatives up to logical equivalence from I". By Theorem 1.6 we have
IT.] < |B|+|T| < cf(u), and since  is regular, there exists o () < psuchthath € Z_g, () forallg(x, b) € I',.
Let o(*) = max {ao(x), a1(x)}. Let B'=J(b: ¢(X,b) € T'y) U B be such that B’ € T_y(,), |B'| < |T|. We
will now prove that the type p[Z— () is the unique extension in S(Z—q(+)) of pIZ_q ().

Clearly p|Z—y () extends p [I ( ) now assume that g € S(Iia (%) ) extends PlZ-a(s), and does not fork over
z-<oz *) .

léy) the transitivity of non-forking, ¢ does not fork over B. Assume towards contradiction that p # ¢q. By
Theorem 1.9 there exists E € FE(B) such that g(x) U p(y) F —E(x, y), and particularly ¢(x) - —=E(x, a).

The formula E(x, a) is almost over B, so by the choice of «; (%) (¢ H —~E(x, a) implies that =E(x, a) is
logically equivalent to a formulain x over Z_,,), there existab C Z_, () and ¢(x, b) logically equivalentto E (x, a).
Now since E (a, a) holds, we also get = ¢ (a, b), and since b C Too(x)> Wegetp(x, b) € tp(a, Tea) = q1Tca(s)s
a contradiction.

So we have proved that tp(a, Z,(«)) is the unique non-forking extension of tp(a, Zq(+)) in S(Z=o(x)\ {b}).
Recall from the choice of Z, ) that for all b € Zy (), tp(b, Z=y(+) \ {b}) is the unique extension in S(Zy(x)\ {a})
which does not fork over I<a( ). Also, Lemma 3.7 implies that tp(b, Z-,(x)\ {b} U {a}) is the unique non-forking
extension of tp(b, Ty (x)) in S(Zo(4)\ {b} U {a}).

From the last two sentences it follows that the condition in Definition 3.5 holds for Z,(,) U {a} over Z_,(y),
which contradicts the maximality of Z )

Theorem 3.11 A stable first order theory T is representable in Ex‘lTﬁ’m (€°9).

Proof. Let M = T.Bylemma 3.10 we get a strongly independent decomposition (Z, : « < y < |T|") of
M. By Proposition 3.8, we can assume without loss of generality that |Z;| = |Zy| = 1.

Define It = (F", P,, Fyr3),j:a <y, i <|T|, p(x,¥) € L, j < ky(ry) € €9 as follows: [I| = M|,
Pl =1, foralla < y.

By Lemma 1.11 we can find some B(a) C Z_, for all a € Z,, with the following properties:

1. |B(a)| < T,

2. for every formula ¢ (%, ¢) over Z_, which is almost over B(a), there exists a formula

¥ (x,d)B(a)suchthat = V& (9 (%,d) < ¢(x, ), ()
ifa > 0, then Zyp € B(a), and

4. tp(a, Z,) does not fork over B(a).

W
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Now, we define the functions ((Fi*)I+ ti < |Tlyondom(F*) = |[M\(ZyUZ;)foralli < |T|.Fixe > 1, a € Z,.
We define F*(a) = b;(a)(i < |T|) for some enumeration (b;(a) : i < |T|) of B(a), possibly with repetitions.

Now, let v, be a formula which is guaranteed to exist from Theorem 1.8 and define the partial unary functions
{ngi),j(x) :j <ky(xy)) as follows: Let a € dom(F;zx.y)_j) = |M|\(ZoUZ;), and let & < j be such that
a €1, Since |ZI_,| > 2 for all 2 < o < u, it follows from the definition of v, (recall Theorem 1.8) that there
exists ¢, €M) Z_, such that = g[a, b] < = ¥, [b, ¢,]. Now we define ngj),].(a) := (¢,)j, forall j < lh(z,).
Thus we have defined I'* and we define f : M — I as f(a) = a for all a € |M|. Now, to prove that f is indeed
a representation, it follows by Proposition 3.12 that it would suffice to prove that tp(k(a), @, M) = tp(a, &, M),
for every a € dom(h) and partial automorphism 4 of I'" with domain and range closed under functions.

Let D, = I, Ndom(h), R, = I, Nran(h).Itis easily verified that for@« < y, h|D, is a partial automorphism
of I from D, onto R,. We will prove by induction on & < y that

h(tp(a@, Dy, M)) = tp(h(a), R-y, M) for all @ € D, of length n that do not have repetitions, (X, ,)

holds for all n < w.

Now, X, , holds for & < 2 since by the definition, |Z,| = 1. Now let o > 2 and assume that Xz ,, holds for all
n < w, B < a. We prove by induction on n < w that X, , holds.

First, X, ;: Let a € Z,, ¢ = ¢(x,¢) a formula over D_,. Without loss of generality, assume = ¢la, c|.
By the definition of the functions it follows = v,[c, F,o(a) ... Fynz-1)(a)]. This formula contains only
constants from D_,, so by the induction hypothesis, k= v, [h(c), h(F,0(a)) ... h(FymzE-1)(a))] holds. Since
h is a partial automorphism (with closed range and domain) of I'", 2 commutes with the functions on
I so = Y,[h(C), Fpo(h(a))...Fymz-1)(h(a))] holds. By the definitions of F, ; (j <1h(z)), ¥, we get
M = ¢[h(a), h(c)], as needed.

For n > 1 we continue by induction, but first we state the following property of I (to be proven later):

If A C I is closed under the partial functions in the vocabulary i+, then A N Z,
is strongly independent over ANZ_,. ()
Now, let @ € D, of length n and b € D,\a. By the induction hypothesis (on n), it follows that i [(D_, Ua) is
elementary. By (*), D, is strongly independent over D_,. Hence, tp(b, D\ {b}) does not fork over D_, and
particularly tp(b, D, U @) does not fork over D_,.

By the induction hypothesis, #[(D-, Ua) is elementary, and so ¢ := h(tp(b, D-, U@)) does not fork over
h(D.y) = R_,. Note that ¢ 2 h(tp(b, D)) and by K, (cf. above) A(tp(b, D_,)) = tp(h(b), R-,) holds.
Hence, ¢ extends tp(h(b), R-,) to a type over R_, Ua and does not fork over R_,. Therefore there exists an
extension ¢ € ¢’ € S(R<,\h(b)) which does not fork over R_,.

Since R, is closed under the partial functions, it follows from (*) above that R, is strongly independent over
R, meaning that ¢’ = tp(h(b), R<\ {h(b)}). Now we reduce both types to the domain R, U h(a) to get

tp(h(a), Rey Uh(a)) = h(tp(b, D, Ua)
and the induction step on n:

tp(h(b™a). Reo) = h(tp(b™a. D~y))
Hence, f is a representation.

We now prove (*) from the proof of Theorem 3.11:

Proof of (*). Let A, =Z,NA,a€ Ay, and recall that B(a) = {F(a) :i <|T|}. We prove that
tp(a, ANZ-,\ {a}) is the unique non-forking extension of tp(a, A NZ_,) in S(A N Z<,\ {a}).

Since A is closed under the F, it follows that B(a) € A, and consequently B(a) € A_,. Also, tp(a, Zy)
does not fork over B(a) (Recall (*X) above). By transitivity of non forking tp(a, Z<,\ {a}), which is a non-forking
extension of tp(a, Z-,), does not fork over B(a) either. By the definition of B(a), we also get that every formula
over Z_, which is almost over B(a) is equivalent to a formula over B(a) (again, cf. (K)).

Now, by monotonicity of non-forking we get that tp(a, A<, \ {a}) C tp(a, Z<,\ {a}) does not fork over A _,,.
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To prove uniqueness, let gy € S(A<,\ {a}) be a non-forking extension of tp(a, A_,). The type gy has a
non-forking extension ¢ € S(Z-,\ {a}). By transitivity, ¢ does not fork over B(a). Recall that the functions F;*
are defined so that every formula over Z_, and almost over B(a) is equivalent to a formula over B(a). The
types q¢|Z-q, tp(a,Z-,) are both non-forking over B(a). Since g extends tp(a, A_y) 2 tp(a, B(a)) we get that
q1Z-4, tp(a, I_,) (both non-forking over B(a)) agree on all formulas over B(a ), and by Theorem 3.9 this implies
q1Z-o =tp(a,Z-y). Now, since ¢ is a non-forking extension of tp(a, Z_,) and Z, is strongly independent over
T, we getthat g = tp(a, Z<,\a) and s0 go = g [(A<,\ {a}) = tp(a, A<,\ {a}), as required.

Proposition 3.12 Let It € EX}M (¢") and f : M — I*. Suppose that for every partial automorphism h of

I with domain and range which are closed under the partial functions, and sequences a, b € M, we have that
h(f(@)) = f(b) implies that tp(a, &, M) = tp(b, &, M). Then f is a representation.

Proof. Let f be as described above. Now assume towards contradiction that f is not a representation.
Therefore there exist @, b € M which have different types in M such that the map f(a) +— f(b) is a partial
automorphism of I'". It is possible to extend this partial automorphism to one with domain and range closed under
the partial functions, contrary to the definition of f. U

4 N,-stable theories

In this section we will prove the following result:

Theorem 4.1 (Characterization of Ny-stable theories) For a complete, countable first-order theory T, the
following conditions are equivalent:

T is Ry-stable.

T is representable in Exim&) (ge).

T is representable in EX&U’Z(EW).

T is representable in Exg‘;;({%eq) (cf. Definition 2.9)

A b~

Proof. Theorem4.4 gives 1.=2. and Observation 2.18 gives 2.=3. 3.=4. is immediate since Exém2 (€°9) C
Exg’fz({?eq) by Observation 2.14. 4.=1. is the content of Proposition 4.2.

Proposition 4.2 If T is representable in Exg’;;(écq) then T is Ry-stable.

Proof. To prove Ry-stability it suffices to show that |S(B, M)| < 8, for every model M |= T and countable
B C |M|. Now, suppose that f : M — I is a representation, then for any a, b € M such that tp(a, B, M) #
tp(b, B, M), it also holds that tp.¢(f (a), f(B), I) # tpy(f(b), f(B), I), so it suffices to show that Sy (I, A)| <
Ry for every structure I € Ex&(}f‘z(ecq), and countable A C I = |I|. Let I, A be as above, then without loss of
generality A is closed under the functions of I. Furthermore, tp,¢(@, I) € Sq¢(I) is determined by formulas of the
types Py (o (b)) (for b € @), o1(by) = 02(by) (for by, by € @), and o1(by) = b; (for by € @ and by € A) for terms
o, 01,07 € 11, and so necessarily unary. Moreover, since I is locally finite, tqu(ﬁ, I) is determined by a finite
subset of these formulas. So, the number of unary types over A is at most |A|~” < 8 O

We assume for the rest of this section that T is stable in Xy.

Lemmad4.3 Let M =T and I, C |M|. There exists a sequence of sets (L, : 0 < n < w) such that

1. forall a € T,, n < w there exists a finite B, C I, such that tp(a, Z,\ {a}) is the unique non-forking
extension of tp(a, B,) in S(Z<,\ {a}),

2. I,NZI_, =@, and

3 I.,=|M|.

In particular, (Z,, : n < w) is a strongly independent decomposition of M.
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Proof. We choose the sequence Z,, by induction on n > (. The case n = 0 is given in the assumptions.
For n > 0 assume that we have 7, and choose Z,; as a set Z,,;; € M\Z-, which is maximal (possibly empty)
under the requirements 1., 2. above. Now, assume towards contradiction that a € M\Z_,,. By Corollary 1.13,
there exists a finite B, € Z_,, such that tp(a, Z_,,) is the unique non-forking extension of tp(a, B,) in S(Z_,,).
Similarly, for any b € Z,, let B, C Z_, be such that tp(b, Z_,) is the unique non-forking extension of tp(b, B;)
inS(Z_,).Let0 < n, < w be minimal such that B, CZ_,,_.

Now, for any b € S(Z,,) it holds that tp(b, B,) has a unique non-forking extension in S(Z,,\{b}). Also,
tp(a, B,) has a unique non-forking extension in S(Z-,,) (since it has a unique non-forking extension in S(Z_,,)).
Now by the symmetry of strong independence (Lemma 3.7) it follows that Z,,, U {a} is strongly independent over
7 .,,, which contradicts the maximality of Z,,,.

Theorem 4.4 Let M =T, . = ||M||,Zy a set of indiscernibles in M. Then M can be represented in
M5, (Zo U L) € Exg , (829) by an extension of the identity function on I

Proof. Let(Z, :n < w)beasinLemma4.3.Letg : || M| — X be aone-to-one function. The theory T is K-
stable and so §™ (@) is countable for all m < w. For convenience we use the symbols { F,, : n < o, p € S=“(2)}
as the function symbols of My, (Zo U A), such that for each m-type p, F, , is an m-ary function symbol.

We define an increasing sequence of one-to-one functions f; : Z; — My,.x,(Zo U A) by induction onn < w:
Define f; as the identity on Z,. Assume that f,, was defined and now define f,+; 2 f, as follows. For each
a € T, recall B, from Lemma4.3. Letc, € ‘(Z-,) enumerate B,. Now define p := tp(a~c,, &, M) € S“1(2)
and f,y1(a) :== F,,(fu(ca), g(a)). Let f =, _, fu- We will use (proof is omitted) an analogue of Proposition
3.12 to show that f is a representation:

Proposition 4.5 Let f: M — M(S). Suppose that for all @,b € M and every partial automorphism h
of M(S) whose domain and range are closed under subterms, we have that h(f(a)) = f(b) implies that
tp(a, @, M) = tp(b, &, M). Then f is a representation.

First note that a € 7, and also f(a) = F, ,(f(ca), g(a)), so p =tp(a~c,, @, M) and tp(a, Z-,\ {a}) is the
unique non-forking extension of tp(a, ¢, ).

We now show that f fulfills the conditions of the Proposition. Let % a partial automorphism of M (Zy U 1) with
domain and range closed under the functions. Fix n < w and sequences @, b € Z-, such that h(f(a)) = f(b).
Since f is one-to-one, without loss of generality, a, b are without repetition. We prove that tp(a, @, M) =
tp(E, @, M) by induction on n:

For n = 0, the proposition holds since Zj is an indiscernible set. For n = m + 1, we prove the claim by
induction on £ = |@ N Z,| = |b N T,| (the latter equality is easy to verify).

For £ = 0, this is the proposition of the induction hypothesis (on n). For £ = ¢y + 1, let ay, by € Z,,, a, b, €
‘T, by, by € <*I_, suchthat h( f(apaa,)) = f(bob,b,). By the definition there exist Cay» Ch, Such that f(ag) =
Fypn(f(Ca)s 8(ao)), f(bo) = Fyn(f(ch), g(bo)) for some sequences and types. Since dom(h) is closed under
subterms we get:

Fpn(f(€ny)s (o)) = f(bo) = h(f(a0)) = h(Fp.n(f (Cay): &(a0))) = Fpn(h(f(Cq)) h(g(a0)))

and by the definition of the free algebra p’ = p and h(f(c,,)) = f(Ch,). The induction hypothesis implies that
the map G defined by G(@,) = b, G(@,) = b», and G(C,,) = Cp, is elementary. Now, let ¢ = tp(ao, @; Ua, U
Cq,)- Since tp(ay ¢q,) = p = p' = tp(by ¢p,) holds, it follows that G(g)[cs, = tp(bo, Cp,). The definition of Z,
implies that tp(ag, Z<,\ {ao}) is non-forking over ¢,,, and so is tp(ag, a; U@z U¢,,). On the other hand, since
G is elementary, G(g) does not fork over ¢p,. Let S(Z<,\ {bo}) 2 ¢’ 2 G(g) a non-forking extension. Since
tp(bo, Z<n\ {bo}) is the unique non-forking extension of tp(by, ¢5,), and by transitivity ¢’ is also a non-forking
extension, it follows that ¢’ = tp(bo, Z<,\ {bo}) and after reduction (& is without repetitions, so by ¢ b, and
El U Bg U an - ISH\ {bo}), we get that G(q) = q/[zl @] Bz @) Eb[) = tp(b(), 51 U Bz U an). Hence, G U {(a(), bo)}
is elementary and the proof is complete.
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